PHY-396 K. Solutions for problem set #3.

Problem 1(a):

Use product-of-exponentials formula
VA, B: eAeB = exp (A+B + 1A, B] + L[(A- B),[A B + ) (S.1)

In particular,

hence

o) & eaal—ata gy — oolal/2e0al ot gy oolal/2g0aT gy (S.2)

(Note e~ |0) = |0) since a [0) = 0.)

Next, [@,a] = 1 implies that for any function f(a!), [a, f(af)
aal ot

| = f'(a"). In particular,
= e ¢ and hence (@ — a) |a) e’ g |0) = 0.

a, eo‘df] = e or in other words, (a—a)e

Q.ED.

Problem 1(b):

For any normal-ordered product of creation and annihilation operators — i.e., a product
in which all creation operators are to the right of all annihilation operators — one has
(af (@M (a) o) = (a*)Fal, simply because a|a) = ala) and (a|a’ = o* (a]. In particu-
lar, (a| (7 = a'a) |a) = a*a. On the other hand,

= alaata = alalaa + a'la = (o|i?la) = (@)% + ofa = @2 + 7 (S.3)

hence An = /(n?) —n? = /n.

In a similar manner,

§ = @+ah, @ = —<(a)2+(5ﬁ)2+2a*a+1> —



2 o %12 _
(@l Pla) = Z—((@+a?+1) = falgla)? + =
and likewise
h h
(| p* o) = %((—z’a+z’a*)2+1) = {a|pla)? + %
thus
I mwh A
Ag = = \/—, A¢Ap = ;. 4
1 Qmw 2 ) qap 2 (S )
Q.ED.

Problem 1(c):
In the Schrédinger picture, af is time independent, hence (d/ dt)eo‘(ZT = (do/ dt)dTeaaT. Using

time independence of the magnitude |«|, we then have

d do 1 da
_ ¢ lal?/2 0a! - af — 2%t
= (o) = 0) = Zratla) = ~Zralala). (5:5)
Specifically, for a = age™™*, (d/dt) |a) = —iwa'aa and consequently, for the state vector (2),
d At A 1 A
Zh% V) = hwa'a|y) + shwy = H 1) . (S.6)

Q.ED.

Problem 1(d):

First, quantum overlap with the ground state, (0|a) = e=lal’/2 (0| ecd! |0) = elal’/2

because

(0] ead — (0| (note (0] a" = 0). Now, for two different coherent states,
(albeta) = e 1oF/2 (0@ |8) = e 1ol /2 (0| B|8) = elof/2 "B o~ I6I°/2
or in terms of the probability overlap,

(| = e la=0F, (S.7)



Problem 1(e):
Generalization of coherent states to multi-oscilatory systems and further to the creation /

annihilation fields is completely straigtforward:
|coherent) dof exp(FT — F) 0) = e N/2 ! |0) (S.8)

where
Ft = adl - Y wal — [dPxox)0(x). (S.9)
1
Similar to the single-oscillator theory, (\if(x) — QD(X))GFT = eFT\iIT(X), hence eq. (3).

Problem 1(f):

Again, using eq. (3) and its hermitian conjugate, we have
(@ (x1) -+ T () (1) -+ ) [B) = @7 (1)~ D (xe)Dy) -+ Dlys)  (S.10)

for any normal-ordered product of the quantum fields. Specifically, for the particle-number

operator N we have eq. (4), while for its square — whose normal-ordered form

N2 = //d3xd3y@T(x)xwy)@(x)xi/(y) + /d3xxiﬁ(x)xif(x) (S.11)

generalizes eq. (S.3) — we have

(| N2 |5 _//d3xd3y@*(x)@*<y)q>(x)c1>(by) +/d3x<1>*<x)<1>(x) _ (@ N [D)? + (@] N|®)
(S.12)
and hence AN = VN, Q..D.

Problem 1(g):
First of all, if ®(x,t) satisfies the classical field equation — which looks exactly like a one-

perticle Schrodinger equation — then N remains constant. (This is undergraduate-level QM.)



Also, in the Schrodinger picture of the QFT,

i ot A )
ieFT = dieFT = {/d:gx 00(x, 1) \IJT(X):| e (S.13)

dt dt ot

thanks to mutual commutativity of the creation fields. Consequently, exactly as in ques-

tion (c),

m% (|q>> — /2 |o>) - [/f)mh% \iﬁ(x)} 1)

((using the classical field equation for ®))

_ 2 )
= | [x | ==V +V(x) | ®(x) Ui(x)||®
/ (W )20 delle)
((using coherence))
_ 2 )
_ 3 T AR v 2
/d x U (x) <2MV +V(X)> U(x)| |P)
= H|P)
Q.ED.
Problem 1(h):
Generalizing (d) to multi-oscillatory systems is completely straightforward:
(lB)? = TTe " = exp (=D Joi - 4iP)
i i
or for the field theory,
@) = exp ( [ 8160 - 220 ) ($.15)

which is exponentially small for any macroscopic d®(x). Indeed a macroscopic difference

between two coherent states means that 0@ affects a large number of particles, [ [6®|% > 1.



Problem 2(a):

(Classical equation of motion for a complex field follow from zero variational derivative of the
action with respect to both real and imaginary parts if ®(z). Equivalently, we treat ®(x)
and ®*(x) as independent, thus

oL oL oL

56,52 5me7 =" a@) - —m*e*—3(%)*Q, 5% = —m*e—5 %,
and the Euler-Lagrange field equations
OPP* +m?d* + 3(@*)?0 =0,  0*®+m*P + 50*P* = 0. (S.16)
Consequently, the divergence of the current (7) evaluates to
O Jt = i0,(*(0"D) — (0"D*)®) = i®*(9?D) — i(0*®*)D S17

= —i®*(m?® + 30*®%) + i(mPD* + 3(D*)*P)d = 0.
Q.£D.

Problem 2(b):
In the Hamiltonian formalism for the classical fields ®(x) and ®*(x), the canonical conjugate

fields are

(z) = 0L _ d®*(z)  and II*(z) = 8(§0§*>

2(9p®) = 0o®(z). (S.18)

The canonical conjugation implies canonical Poisson brackets between the classical fields @,
®* 1I and IT* and hence the canonical commutation relation between their quantum counter-

parts:

[@(x),IIT(x)] = [®T(x),II(x)] = 0, (S.19)



(In the Heisenberg picture for the quantum fields, these commutation relations hold for equal

times t = t' only.) Classically, the Hamiltonian density is

H = [19yd + II"9y®* — L

* * 2 F % 1 * 1) 2 (8'20)
= II'Il + VO*- V& + m?P*d + ;A(P"P)7,

so the quantum theory’s Hamiltonian is obviously (8) (modulo operator-ordering ambiguity).

Q.£D.

Problem 2(c):

Fourier transforming the canonical commutation relations (S.19) results in

[@p, O] = [Bp, D] = [®f, d]] = 0,
[lp, ] = [Hp,HL/} = [}, I)’ = 0,
[‘Pp,HLI] = [@},IIy] = 0, (S.21)
(®p. IIp] = (@}, 1] = (2m)%i6® (p + p')
Consequenly,
g, ay] = lap,bl,] = [bf,05] = 0 (S.22)

al,] =0 (S.23)

A . Ep

P7bp’] =3

S

@)% (p+ ') + 52 @0} (=) (-p-p) = 0 (S.24)

Ey Ep




and likewise [ah, bf,] = 0. Finally,

L s s i | E , Ey
laps i) = bl = 34 [ 52 %@ () + 5[ @m*(=)s® (0’ —p)
P’ p
= (2% (p —p')
(S.25)
Q.E.D.
Problem 2(d):
First, Fourier-transforming the free Hamiltonian gives us
. () 9 242
Hiee = [ 3 (hp + B3 bhdy ) . (S.26)
Second, we reverse the definitions (9) to obtain
. ip + bF . S
bp = P=L and T, = /B, (<ibp +dal ). (S.27)
P
Third, we calculate
2 pt § T 1 = 1 ~ 7 . ot 1 p 7 Al
By @by + Mpll', = 3By (af, +b_p) (ap+b'y) + 3Ep (ia], —ib_p) (~idy +ib' )
_ At 4 poopt
= Bp(ahap + b_phly).
(S.28)
Finally, we put egs. (S.28) and (S.26) together and derive
i TP (2 by 1 i
free (27?)3 pp-P + —P—p
dp P
_ 1 4 f
- / @ Ep(ahi, + b_pb" ) (S.29)

Q.£D.



Problem 2(e):

Identifying the current (7) as the electric current, we have classical charge density
JO = i0*(0°®) — i(3°d*)® = i®*II* — iPII, (S.30)
which in a quantum theory gives us the electric charge operator
Q = [xJx) = /d3x (%{@T,ﬂf} — %{@,ﬂ} + const> : (S.31)

where the unknown constant reflects the ambiguity of operator ordering in quantizing a classi-
cal quantity. We shall see momentarily that setting this constant to zero results in the normal
ordering of () in terms of creation and annihilation operators and hence in zero electric charge

of the vacuum. Physically, this is what we want — hence, the first eq. (12).

Our next step is to Fourier transforming eq. (S.31), which yields

@ :/(;Zil)):a (%{&)L’fﬁ—p} o %ép,ﬂfp})' (5-32)

Furthermore, simple algebra gives

T N T T PO s -
—’L{(I)p,H_p} = aI)ap — blpb_p + aI,b_p — apb_p, (.33)
STV 0 N PN A N '
‘H{q)L’H—p} = aLap = bipbpy — ai)b—p + Gpb_p,
(cf. eq. (S.27)) and therefore,
N d3p i T d3p i ~p o~
Q= |Gy (ahap — Blpbp) = / o (ahap — bhbp) (S.34)

Q.£D.



Problem 2(f):
According to eq. (13),

TV = 99%9*9'd + 9'P 9'd* = ' + II* §'d*

and hence

A~

Prce _/d3x (3{i1.-vé} + {1t —vél}).

Let us Fourier transform

~ d3p . ~ ~ . - ~
Prech :/(27r)3 (%p{@L’HT—p} - %p{cbp,l'[,p})

and then make use of egs. (S.33), which yield

(S.35)

(S.36)

(S.37)

(S.38)



