PHY-396 K. Solutions for problem set #6.

Problem 1(a):

By definition, S* def Z[

YAV = '('y“w — g"). Using this formula, we saw in class that

[7>‘, SHY ] = i(g/\’w — gV ) Consequently, by Leibniz rule,

[, 5] = 47 [y, 59 4 [y, 59 4
= " (ig"y" — igMA) + (ig"y — ig™ )y
= gy — g™t — gyt gty
= M (o — ) — ig™ (v — ™)
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and therefore,

[Sm)\’s;w] _ % [,ym,y)\’s;u/}
= jgMS — g GNPV SRR 4 gt grA (S.1)

_ ig)\,uSm/ + Z'gm/S)\,u . Z-g)\llsmu o igK,/JSAI/'
Q.ED.

Problem 1(b): Let F = —% aﬁSo‘ thus M = ef’ and M~ = e=F. We shall use the multiple-

+F

commutator formula for the e Fyrett  so we begin by evaluating the single commutator

[V F) = =0as [ F] = 36as(9"Y" — ¢"7*) = 36807 — 3009 = 047, (S2)

The multiple commutators follow immediately from this formula,

H’V“,F],F] _ 9#9/\ ’
[+ F],F],F] = 646\0"7", (S.3)



Consequently,

MM = e Pyttt
="+ [ F] + 5[ FLF) + gl FLFLE] + -
= A"+ O+ LORONA + %6’”)\9%9’),/7” + -

_ v
= LMY

(S.4)

Q.ED.

Problem 1(c):

{72, "} = 2gP2 Ay — 2gPE MY 4 2977 YA,
[V, 5 Y] = 2PR Y = 2gPA ARkt 2gPH ARy — 2gPY AR,
[SP7, 7] = igT P+ igTE Py g P
— igP AT = igPt T — g
The algebra is straigtforward.

Problem 1(d):

ﬁgaﬂ - 4§

v = 1" ap = 9°
1YY = 20" — 77" = 297 - 1'(4) = 2974
VY Y = 29" %0 — VY e = 29" = A (=29Y) = 2{0" ") = 49"
VPV Y = 20 Y10 — PV Y = 2 — ) (497)
= 2(y"y" — 2g") YN = =294k
(S.5)

Problem 1(e):
Gauge-covariant derivatives D, do not commute with each other: [D,,, D,| = iqF),,. Therefore
(fy“Du)2 # D? but rather

(+*D,)? = 44" DD, = (¢" — 2iS™) D,D, = D?> — iS" [D,, D, = D* + qF,, S"
(S.6)



and hence

(—=m —iy"Dy) (—m+in"Dy) = m? + (VMDM)2 = m*+ D? + qF,, S™.

Consequently, the covariant Dirac equation (iv*D, —m)¥(z) = 0 implies
(m? + D? + qF,,S")¥(z) = 0.

Problem 2(a):

First, let us rewrite the Lorentz algebra in terms of 3-vectors J and K:
) = it (R = il R [RRT] = it

Consequently, for the Ji= %(j + zK), we have

L] = 1 LR £ IRy it e it
while

L] = et LY £ 1t it e — g,
Q.£.D.

Problem 2(b):

de

(S.7)

Let us define two formal 4-vectors of 2 x 2 matrices o % (1,5) and o* ! (1, —&) where the

3—vector @ = (¢0%,0¥,0%) is comprised of the Pauli matrices. In the Weyl convention for the

Dirac v matrices, one has

and hence

g _ ( %(0“5” — 0”6“) 0 )

(S.9)

(S.10)



In components,

. . ; ik 1 7
§0 —50/ () . Gk —i[aj,a] | 0‘ _ gkt 50 0
0 +io’ 0 Lo, o™ 0 3

and therefore

. . . . LG —ir)-& 0
10,,8M = Lk gptsit — 13 g% = 2 ) PR (S.12)
0 5(0"‘@?)0’

Consequently, an infinitesimal Lorentz transformation acts on the Dirac spinor according to

—

G — i) G 0
0 LG+ -7

[\SIEN

V() = U(z) — 0,5 U(z) = V(z) + ( ) W) (2)

Note that the two upper components of the Dirac spinor ¥ do not mix with the two lower
components. This makes the 4-component Dirac spinor a reducible representation of the continu-
ous Lorentz group. Specifically, the Dirac spinor is a sum of two distinct 2—component irreducible

representations, namely the left-handed Weyl spinor x, and the right-handed Weyl spinor x g,

W(r) = (XL(I) ) . (S.13)

Xr(z)

Under finite continuous Lorentz symmetries, the Weyl spinors transform according to

xr(@') = Upxp(z),  xg(") = Urxg(z), (S.14)

where U, = exp(—%(g — i) - &) is generally a complex, non-unitary 2 x 2 matrix of unit
determinant and Ur = eXp(—%(5+ i) - &) = oaUjos. In the SL(2,C) language of eq. (3),
we should indentify Uy, as U, hence

(xp)a@) = US(xoh(z),  (oaxr)i(a’) = UgP(o2xr);()- (S.15)

Problem 2(c):
First, according to eq. (4), Us,UT = O'AL/\M(U). The hermiticity of the matrices o, and the fact

that any hermitian 2 x 2 matrix is a unique linear combination of the four o, guarantee that the

4 x 4 matrix L/\M(U ) is well-defined and real.



Next consider the determinant

Xo+ X3 X1 —1Xo

det(X,0") = det (X o Xe X
1+2A2 0— A3

)Z (X0)® = (X3)° — (X1)° — (X2)° = X?. (S.16)

According to eq. (4),

X" = det(X},0") = [det(U)]* det(X,0") = X (S.17)

because the SL(2, C) matrices U have det(U) = 1. Consequently, for any 4-vector X*, we have

(LX)? = X2, which means that X* — L/, X" is indeed a Lorentz transform.

Finally, consider the group law:

ox L, (Talh) = (UUh)ou(Ualh)! = Un (UIUuUlT = UVLVM(U1>> U; (5.15)
18
- (UQJVUD LY(Uh) = o) L), (U2) LY, (Uy)

and hence L’ (UsUy) = L%, (U) LY, (Uh) i.e., L(UaUr) = L(U) L(U1).  Q.£.D.

Problem 2(d):

For U = exp(—%é’nc_f) = COS% — isin%n&’ and Ul = U1 = cosg —|—isingn6’,

Uo%Ut =1 = ¢, which means that L(U) is merely a rotation of the 3d space. Specifically,

G-x = UxG)U" = cos? g — Lsinf[nd,xq] + sin? g (nd)(x4)(na)
= COSQg + sinf (n x x) -G + sin? g (2(nx)(nd) — (x7)) (5.19)
= G- (cosf(x —n(nx)) + sinfnxx + n(nx)),
thus x' = cosf(x —n(nx)) + sinfn xx + n(nx),
which indeed describes a rotation through angle 6 around axis n.
On the other hand, for U = UT = exp(—% n&) = cosh § —sinh § nd,
U(zto, =t — X&)UT = cosh? L(t—xG) — sinhr {nd,t — xa'}
+ sinh? 5 (nd)(t — x7)(nJ)
= cosh? ? (t —x@) — sinhr (¢né — nx) (5.20)

+ sinh? § (¢t — 2(nx)(nd) + (x5))
= (coshrt + sinhrnx) — (dn)(sinhr¢ + coshr nx)

— &+ (x — n(nx)),



and therefore,
t" = (coshr)t + (sinhr)nx, x' = n((sinhr)t + (coshr)nx) + (x—n(nx)), (S.21)

which is precisely the Lorentz boost of rapidity 7 in the direction n. (The rapidity r is related
to the usual parameters of a Lorentz boost according to § = tanhr, v = coshr, v3 = sinhr. For

several boosts in the same directions, the rapidities add up, ryot =71 +r2+---.)  Q.E.D.

Problem 3(a):
In light of eq. (5),

A d3 / 1 .y Sy
b(a' = L) = / ) a0 a) + 0l )]

21)3 2E n—F,
(d3 ) 113 p o] (822)
o p —ipx 0 A +ipx 0t }
= — e 2(Lp)Ya(Lp) + e 2(Lp)Ya' (L
[ om, [P P
where p’ = Lp and hence p'2’ = pz and [ % = ;%’). At the same time, eq. (7) implies
®(Lz) = D(L)®(x)DI(L)
Ep 1 : R R . . R
— [ g [P VAP ) PIL) + 72 D(L) () D)
(27T)3 2 p pP=FEp
(S.23)

Since egs. (S.22) and (S.23) should agree for all =, Fourier transforms of their respective right

hand sides should agree for all p, hence

20°D(L)a(p) DI(L) = /2(Lp)°a(Lp), (8.1-2)
20 D(L)al (p) DI(L) = \/2(Lp)° ' (Lp)
Consequently,
(L)) = D) (V2 al ()[0)
= V200 D(L) at (p) <|0>=75T(L)|0>> (8.3)



and likewise

DL o) = D) () al )il 02) )
= /@) @) D(L) ! (pr)a (p2) (10) = DI(L) |0))
= (Ve e ') (Vaspwa e o)l 6
= (Vatorat ) (Vawm©atem ) o

= |Lp1, Lp2) ,

etc., etc. Q.E.D.

Problem 3(b):
Using eq. (11) twice, we have

D(Lo)D(L1) dulw) (DUD(L1)) = D(La) (DL1) dulw) DY (L)) D (L)

= D(Ls) (Mab(Ll_1>§gb(L1x)> D'(L,)

(S.24)
= MMLTY) (D(Lo) dy(Laz) DY (L) )
= MS(LTY) My (Ly ") ¢e(LaLaz).
On the other hand,
D(LoL1) ¢o(x) D (LaL1) = M ((LaLy) ™ = L7 LyY) fe(LaLy), (S.25)
which obviously agrees with (S.24) if and only if
MS(LTLyY) = M(LyY) MLy ) (S.26)

i.e., if and only if the matrices M (L) form a representation of the Lorentz group.

7



Problem 3(b):

Reversing our derivation of eqs. (8.3-4), we see that eqs. (12) require

V2P0 D(L)al(p,s) DI (L) = Cow(L,p)\/2(Lp)0a! (Lp, ),

o ) ) (S.27)
V2P D(L) b (p, ) DI(L) = Cuw(L,p)\/2(Lp)° b (Lp, &),
and hence, by hermitian conjugation,
200 D(L) i(p, s) Z 2(Lp)®a(Lp, "),
. (S.28)
V2" D(L) b(p, Z 2(Lp)° b(Lp, ).

Consequently, ‘sandwiching’ both sides of eq. (9) between D(L) and DT (L) operators gives us

A A~ A 3 . A A
DLl DI(1) = [ 3= S [ ol ) V30 (D) () P (1)

+ €T ha(p, 5)v/2p0 (ﬁ(L) b (p.s) ﬁT(L)ﬂ
o E S S OB NTTD R
i e“pxha(p, S)\/Q(LT)OZ Cs (L, p) bT(Lp, 3/)] P—+F,

- [izs g [ s WP CisL i)
+ etir's’ ha(p, S)WZ Cs,s(L,p) bT(p/’ S/)] pO=+E,

(S.29)
where on the last line p’ = Lp and 2/ = Lz, ¢f. eq. (S.22). Furthermore, according to eq. (11),

p0:+Ep

¢o(z’ = L) ZM op(x) DT(L) (S.30)



and therefore
bala' = La) = / Ap LZ[ 2(p)°a(p's')
(27)% 2B}, &
X ZM ZC;‘S L) B(LTY), s)

+ et a0 bt (p

X Z M(L) Z Cosr (L, (L") he(L7'P"), 5)]
b s pO=+FE_,

p
(S.31)
On the other hand, a simple change of variables x — 2/, p — p’ in eq. (9) gives
bule’ = 1) = [ A L S e )20 )
a (27'{')3 2E/ a ) 9
Py (S.32)

+ip'a’ 1 05 (p. &
+oe ha(p,s)\/mb(p,s)}po_wp

Comparing the right hand sides of egs. (S.31) and (S.32) we see similar operators accompanied

by similar exponentials, so all we need now is similar coefficients, thus
fa@' = Lp,s') =) ML Z (L,p) fo(p, 5),
b

ha(p' = Lp,s') = ML) ch,s/ L,p) ho(p, s), (13)
b S
Q.ED.

As an example, consider a massive vector field A#(z) which we have (in previous exercises)
written in the form (9) where bf(p, \) = af(p, A) (due to hermiticity of A#(x)) and f*(p, \) plays
the role of fy(p,s) (as well as h%(p,s)). Consequently, f#(p,\) indeed transform according to
eq. (13) where M*,(L) = L'}, as appropriate for the vector representation of the Lorentz group,

while the matrix C) y rotates the helicity states into each other.

Similarly the Dirac spinors u(p, s) and v(p, s) also transform according to egs. (13) where
M (L) — cf. problems 1(b) and 2 — is a 4 x 4 matrix representing L in the spinor representation
of the Lorentz group while the Cy ¢ matrices acts on the 3D spinors & used for construction of

the Dirac spinors u(p, s) and v(p, s).



