
PHY–396 K. Solutions for problem set #6.

Problem 1(a):

By definition, Ŝµν
def
= i

4 [γµ, γν ] = i
2(γµγν − gµν). Using this formula, we saw in class that[

γλ, Sµν
]

= i
(
gλµγν − gλνγµ

)
. Consequently, by Leibniz rule,

[
γκγλ, Sµν

]
= γκ

[
γλ, Sµν

]
+
[
γκ, Sµν

]
γλ

= γκ
(
igλµγν − igλνγµ

)
+
(
igκµγν − igκνγµ

)
γλ

= igλµγκγν − igκνγµγλ − igλνγκγµ + igκµγνγλ

= igλµ
(
γκγν − gκν

)
− igκν

(
γµγλ − gλµ

)
− igλν

(
γκγµ − gκµ

)
+ igκµ

(
γνγλ − gλν

)
= 2gλµSκν − 2gκνSµλ − 2gλνSκµ + 2gκµSνλ,

and therefore,

[
Sκλ, Sµν

]
= i

2

[
γκγλ, Sµν

]
= igλµSκν − igκνSµλ − igλνSκµ + igκµSνλ

= igλµSκν + igκνSλµ − igλνSκµ − igκµSλν .

(S.1)

Q.E .D.

Problem 1(b): Let F = − i
2θαβS

αβ, thus M = eF and M−1 = e−F . We shall use the multiple-

commutator formula for the e−Fγµe+F , so we begin by evaluating the single commutator

[
γµ, F

]
= − i

2θαβ
[
γµ, F

]
= 1

2θαβ
(
gµαγβ − gµβγα

)
= 1

2θ
µ
βγ

β − 1
2θ

µ
α γ

α = θµνγ
ν . (S.2)

The multiple commutators follow immediately from this formula,

[[
γµ, F

]
, F
]

= θµλθ
λ
νγ

ν ,[[[
γµ, F

]
, F
]
, F
]

= θµλθ
λ
ρθ
ρ
νγ

ν ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(S.3)
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Consequently,

M−1γµM = e−Fγµe+F

= γµ +
[
γµ, F

]
+ 1

2

[[
γµ, F

]
, F
]

+ 1
6

[[[
γµ, F

]
, F
]
, F
]

+ · · ·

= γµ + θµνγ
ν + 1

2 θ
µ
λθ
λ
νγ

ν + 1
6 θ

µ
λθ
λ
ρθ
ρ
νγ

ν + · · ·

= Lµνγ
ν .

(S.4)

Q.E .D.

Problem 1(c):

{
γρ, γλγµγν

}
= 2gρλ γµγν − 2gρµ γλγν + 2gρν γλγµ,[

γρ, γκγλγµγν
]

= 2gρκ γλγµγν − 2gρλ γκγµγν + 2gρµ γκγλγν − 2gρν γκγλγµ,[
Sρσ, γλγµγν

]
= igσλ γργµγν + igσµ γλγργν + igσν γλγµγρ

− igρλ γσγµγν − igρµ γλγσγν − igρν γλγµγσ.

The algebra is straigtforward.

Problem 1(d):

γα γα = 1
2{γ

α, γβ}gαβ = gαβgαβ = 4;

γαγνγα = 2gανγα − γν γαγα = 2γν − γν(4) = −2γν ;

γαγµγνγα = 2gαµγνγα − γµ γαγνγα = 2γνγµ − γµ (−2γν) = 2{γν , γµ} = 4gµν ;

γαγλγµγνγα = 2gαλγµγνγα − γλ γαγµγνγα = 2γµγνγλ − γλ (4gµν)

= 2
(
γµγν − 2gµν

)
γλ = −2γνγµγλ.

(S.5)

Problem 1(e):

Gauge-covariant derivatives Dµ do not commute with each other: [Dµ, Dν ] = iqFµν . Therefore(
γµDµ

)2 6= D2 but rather

(
γµDµ

)2
= γµγν DµDν = (gµν − 2iSµν) DµDν = D2 − iSµν [Dµ, Dν ] = D2 + qFµν S

µν

(S.6)
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and hence

(
−m− iγµDµ

) (
−m+ iγµDµ

)
= m2 +

(
γµDµ

)2
= m2 + D2 + qFµν S

µν . (S.7)

Consequently, the covariant Dirac equation
(
iγµDµ −m

)
Ψ(x) = 0 implies(

m2 +D2 + qFµνS
µν
)
Ψ(x) = 0.

Problem 2(a):

First, let us rewrite the Lorentz algebra in terms of 3–vectors Ĵ and K̂:

[
Ĵ i, Ĵj

]
= iεij` Ĵ`,

[
Ĵ i, K̂j

]
= iεij` K̂`,

[
K̂i, K̂j

]
= −iεij` Ĵ`. (S.8)

Consequently, for the Ĵ± = 1
2

(
Ĵ± iK̂

)
, we have

[
Ĵ i±, Ĵ

j
±
]

= i
4ε
ij` Ĵ` ∓ 1

4ε
ij` K̂` ∓ 1

4ε
ij` K̂` + i

4ε
ij` Ĵ` = iεij` Ĵ`±

while [
Ĵ i±, Ĵ

j
∓
]

= i
4ε
ij` Ĵ` ∓ 1

4ε
ij` K̂` ± 1

4ε
ij` K̂` − i

4ε
ij` Ĵ` = 0.

Q.E .D.

Problem 2(b):

Let us define two formal 4–vectors of 2 × 2 matrices σµ
def
= (1, ~σ) and σ̄µ

def
= (1,−~σ) where the

3–vector ~σ = (σx, σy, σz) is comprised of the Pauli matrices. In the Weyl convention for the

Dirac γ matrices, one has

γµ =

(
0 σµ

σ̄µ 0

)
(S.9)

and hence

Sµν =

(
i
4

(
σµσ̄ν − σν σ̄µ

)
0

0 i
4

(
σ̄µσν − σ̄νσµ

)) (S.10)
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In components,

S0j =

(
− i

2 σ
j 0

0 + i
2 σ

j

)
, Sjk =

(
− i

4 [σj , σk] 0

0 − i
2 [σj , σk]

)
= εjk`

(
1
2σ

` 0

0 1
2σ

`

)
(S.11)

and therefore

1
2θµνŜ

µν ≡ 1
2ε
`jk θn`Sjk − rj S0j =

(
1
2(~θ − i~r) · ~σ 0

0 1
2(~θ + i~r) · ~σ

)
. (S.12)

Consequently, an infinitesimal Lorentz transformation acts on the Dirac spinor according to

Ψ′(x′) = Ψ(x) − i
2θµνŜ

µν Ψ(x) = Ψ(x) +

(
− i

2(~θ − i~r) · ~σ 0

0 − i
2(~θ + i~r) · ~σ

)
Ψ(x) (2)

Note that the two upper components of the Dirac spinor Ψ do not mix with the two lower

components. This makes the 4–component Dirac spinor a reducible representation of the continu-

ous Lorentz group. Specifically, the Dirac spinor is a sum of two distinct 2–component irreducible

representations, namely the left-handed Weyl spinor χL and the right-handed Weyl spinor χR,

Ψ(x) =

(
χL(x)

χR(x)

)
. (S.13)

Under finite continuous Lorentz symmetries, the Weyl spinors transform according to

χ′L(x′) = UL χL(x), χ′R(x′) = UR χR(x), (S.14)

where UL = exp
(
− i

2(~θ − i~r) · ~σ
)

is generally a complex, non-unitary 2 × 2 matrix of unit

determinant and UR = exp
(
− i

2(~θ + i~r) · ~σ
)

= σ2U
∗
Lσ2. In the SL(2,C) language of eq. (3),

we should indentify UL as U , hence

(χL)′a(x
′) = U b

a (χL)b(x), (σ2χR)′ȧ(x
′) = U∗ ḃȧ (σ2χR)ḃ(x). (S.15)

Problem 2(c):

First, according to eq. (4), UσµU
† = σλL

λ
µ(U). The hermiticity of the matrices σµ and the fact

that any hermitian 2× 2 matrix is a unique linear combination of the four σν guarantee that the

4× 4 matrix Lλµ(U) is well-defined and real.
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Next consider the determinant

det
(
Xµσ

µ
)

= det

(
X0 +X3 X1 − iX2

X1 + iX2 X0 −X3

)
= (X0)2 − (X3)2 − (X1)2 − (X2)2 ≡ X2. (S.16)

According to eq. (4),

X ′
2

= det
(
X ′µσ

µ
)

= |det(U)|2 det
(
Xµσ

µ
)

= X2 (S.17)

because the SL(2,C) matrices U have det(U) = 1. Consequently, for any 4–vector Xµ, we have

(LX)2 = X2, which means that Xµ → LµνX
ν is indeed a Lorentz transform.

Finally, consider the group law:

σλ L
λ
µ(U2U1) = (U2U1)σµ(U2U1)† = U2

(
U1σµU

†
1 = σν L

ν
µ(U1)

)
U †2

=
(
U2 σν U

†
2

)
Lνµ(U1) = σλ L

λ
ν(U2)Lνµ(U1)

(S.18)

and hence Lλµ(U2U1) = Lλν(U2)Lνµ(U1) i.e., L(U2U1) = L(U2)L(U1). Q.E .D.

Problem 2(d):

For U = exp
(
− i

2θ n~σ
)

= cos θ2 − i sin θ
2 n~σ and U † = U−1 = cosθ2 + i sin θ

2 n~σ,

Uσ0U † = 1 = σ0, which means that L(U) is merely a rotation of the 3d space. Specifically,

~σ · x′ = U(x~σ)U † = cos2 θ
2 −

i
2 sin θ [n~σ,x~σ] + sin2 θ

2 (n~σ)(x~σ)(n~σ)

= cos2 θ
2 + sin θ (n× x) · ~σ + sin2 θ

2

(
2(nx)(n~σ)− (x~σ)

)
= ~σ ·

(
cos θ

(
x− n(nx)

)
+ sin θ n× x + n(nx)

)
,

thus x′ = cos θ
(
x− n(nx)

)
+ sin θ n× x + n(nx),

(S.19)

which indeed describes a rotation through angle θ around axis n.

On the other hand, for U = U † = exp
(
− r

2 n~σ
)

= cosh r
2 − sinh r

2 n~σ,

U
(
xµσµ ≡ t− x~σ

)
U † = cosh2 r

2 (t− x~σ) − 1
2 sinh r {n~σ, t− x~σ}

+ sinh2 r
2 (n~σ)(t− x~σ)(n~σ)

= cosh2 r
2 (t− x~σ) − sinh r

(
tn~σ − nx

)
+ sinh2 r

2

(
t− 2(nx)(n~σ) + (x~σ)

)
=
(
cosh r t + sinh r nx

)
− (~σn)

(
sinh r t + cosh r nx

)
− ~σ ·

(
x− n(nx)

)
,

(S.20)
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and therefore,

t′ = (cosh r) t + (sinh r) nx, x′ = n
(
(sinh r) t + (cosh r) nx

)
+
(
x− n(nx)

)
, (S.21)

which is precisely the Lorentz boost of rapidity r in the direction n. (The rapidity r is related

to the usual parameters of a Lorentz boost according to β = tanh r, γ = cosh r, γβ = sinh r. For

several boosts in the same directions, the rapidities add up, rtot = r1 + r2 + · · ·.) Q.E .D.

Problem 3(a):

In light of eq. (5),

Φ̂(x′ = Lx) =

∫
d3p′

(2π)3

1

2Ep′

[
e−ip

′x′
√

2p′0 â(p′) + e+ip′x′
√

2p′0 â†(p′)
]
p′0=Ep′

=

∫
d3p

(2π)3

1

2Ep

[
e−ipx

√
2(Lp)0 â(Lp) + e+ipx

√
2(Lp)0 â†(Lp)

]
p0=Ep

(S.22)

where p′ = Lp and hence p′x′ = px and
∫ d3p′

2Ep′
=
∫ d3p

2Ep
. At the same time, eq. (7) implies

Φ̂(Lx) = D̂(L) Φ̂(x) D̂†(L)

=

∫
d3p

(2π)3

1

2Ep

[
e−ipx

√
2p0 D̂(L) â(p) D̂†(L) + e+ipx

√
2p0 D̂(L) â†(p) D̂†(L)

]
p0=Ep

(S.23)

Since eqs. (S.22) and (S.23) should agree for all x, Fourier transforms of their respective right

hand sides should agree for all p, hence

√
2p0 D̂(L) â(p) D̂†(L) =

√
2(Lp)0 â(Lp),√

2p0 D̂(L) â†(p) D̂†(L) =
√

2(Lp)0 â†(Lp).
(8.1–2)

Consequently,

D(L) |p〉 = D̂(L)
(√

2p0 â†(p) |0〉
)

=
√

2p0 D̂(L) â†(p)
(
|0〉 = D̂†(L) |0〉

)
=

(√
2p0 D̂(L) â†(p) D̂†(L) =

√
(Lp)0 â†(Lp)

)
|0〉

= |Lp〉 ,

(8.3)
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and likewise

D(L) |p1, p2〉 = D̂(L)

(√
(2p0

1)(2p0
2) â†(p1)â†(p2) |0〉

)
=
√

(2p0
1)(2p0

2) D̂(L) â†(p1)â†(p2)
(
|0〉 = D̂†(L) |0〉

)
=

(√
2p0

1 D̂(L) â†(p1) D̂†(L)

)(√
2p0

2 D̂(L) â†(p2) D̂†(L)

)
|0〉

=

(√
2(Lp1)0 â†(Lp1)

)(√
2(Lp2)0 â†(Lp2)

)
|0〉

= |Lp1, Lp2〉 ,

(8.4)

etc., etc. Q.E .D.

Problem 3(b):

Using eq. (11) twice, we have

D̂(L2)D̂(L1) φ̂a(x)
(
D̂(L2)D̂(L1)

)†
= D̂(L2)

(
D̂(L1) φ̂a(x) D̂†(L1)

)
D̂†(L2)

= D̂(L2)
(
M b
a (L−1

1 ) φ̂b(L1x)
)
D̂†(L2)

= M b
a (L−1

1 )
(
D̂(L2) φ̂b(L1x) D̂†(L2)

)
= M b

a (L−1
1 )M c

b (L−1
2 ) φ̂c(L2L1x).

(S.24)

On the other hand,

D̂(L2L1) φ̂a(x) D̂†(L2L1) = M c
a

(
(L2L1)−1 = L−1

1 L−1
2

)
φ̂c(L2L1x), (S.25)

which obviously agrees with (S.24) if and only if

M c
a (L−1

1 L−1
2 ) = M b

a (L−1
1 )M c

b (L−1
2 ) (S.26)

i.e., if and only if the matrices M b
a (L) form a representation of the Lorentz group.
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Problem 3(b):

Reversing our derivation of eqs. (8.3–4), we see that eqs. (12) require

√
2p0 D̂(L) â†(p, s) D̂†(L) =

∑
s′

Cs,s′(L, p)
√

2(Lp)0 â†(Lp, s′),

√
2p0 D̂(L) b̂†(p, s) D̂†(L) =

∑
s′

Cs,s′(L, p)
√

2(Lp)0 b̂†(Lp, s′),
(S.27)

and hence, by hermitian conjugation,

√
2p0 D̂(L) â(p, s) D̂†(L) =

∑
s′

C∗s,s′(L, p)
√

2(Lp)0 â(Lp, s′),

√
2p0 D̂(L) b̂(p, s) D̂†(L) =

∑
s′

C∗s,s′(L, p)
√

2(Lp)0 b̂(Lp, s′).
(S.28)

Consequently, ‘sandwiching’ both sides of eq. (9) between D̂(L) and D̂†(L) operators gives us

D̂(L) φ̂a(x) D̂†(L) =

∫
d3p

(2π)3

1

2Ep

∑
s

[
e−ipxfa(p, s)

√
2p0
(
D̂(L) â(p, s) D̂†(L)

)
+ e+ipxha(p, s)

√
2p0
(
D̂(L) b̂†(p, s) D̂†(L)

)]
p0=+Ep

=

∫
d3p

(2π)3

1

2Ep

∑
s

[
e−ipxfa(p, s)

√
2(Lp)0

∑
s′

C∗s,s′(L, p) â(Lp, s′)

+ e+ipxha(p, s)
√

2(Lp)0
∑
s′

Cs,s′(L, p) b̂
†(Lp, s′)

]
p0=+Ep

=

∫
d3p′

(2π)3

1

2E′p

∑
s

[
e−ip

′x′fa(p, s)
√

2(p′)0
∑
s′

C∗s,s′(L, p) â(p′, s′)

+ e+ip′x′ha(p, s)
√

2(p′)0
∑
s′

Cs,s′(L, p) b̂
†(p′, s′)

]
p′0=+Ep′

(S.29)

where on the last line p′ = Lp and x′ = Lx, cf. eq. (S.22). Furthermore, according to eq. (11),

φ̂a(x
′ = Lx) =

∑
b

M b
a (L) D̂(L) φ̂b(x) D̂†(L) (S.30)
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and therefore

φ̂a(x
′ = Lx) =

∫
d3p′

(2π)3

1

2E′p

∑
s′

[
e−ip

′x′
√

2(p′)0 â(p′s′)

×
∑
b

M b
a (L)

∑
s

C∗s,s′(L, (L
−1p′)) fb((L

−1p′), s)

+ e+ip′x′
√

2(p′)0 b̂†(p′s′)

×
∑
b

M b
a (L)

∑
s

Cs,s′(L, (L
−1p′))hb((L

−1p′), s)

]
p′0=+Ep′

(S.31)

On the other hand, a simple change of variables x→ x′, p→ p′ in eq. (9) gives

φ̂a(x
′ = Lx) =

∫
d3p′

(2π)3

1

2E′p

∑
s′

[
e−ip

′x′fa(p
′, s′)

√
2(p′)0 â(p′, s′)

+ e+ip′x′ha(p
′, s′)

√
2(p′)0 b̂†(p′, s′)

]
p0=+Ep

(S.32)

Comparing the right hand sides of eqs. (S.31) and (S.32) we see similar operators accompanied

by similar exponentials, so all we need now is similar coefficients, thus

fa(p
′ = Lp, s′) =

∑
b

M b
a (L)

∑
s

C∗s,s′(L, p) fb(p, s),

ha(p
′ = Lp, s′) =

∑
b

M b
a (L)

∑
s

Cs,s′(L, p)hb(p, s),

Q.E.D.

(13)

As an example, consider a massive vector field Âµ(x) which we have (in previous exercises)

written in the form (9) where b̂†(p, λ) = â†(p, λ) (due to hermiticity of Âµ(x)) and fµ(p, λ) plays

the role of fa(p, s) (as well as h∗a(p, s)). Consequently, fµ(p, λ) indeed transform according to

eq. (13) where Mµ
ν(L) = Lµν , as appropriate for the vector representation of the Lorentz group,

while the matrix Cλ,λ′ rotates the helicity states into each other.

Similarly the Dirac spinors u(p, s) and v(p, s) also transform according to eqs. (13) where

M(L) — cf. problems 1(b) and 2 — is a 4×4 matrix representing L in the spinor representation

of the Lorentz group while the Cs,s′ matrices acts on the 3D spinors ξs used for construction of

the Dirac spinors u(p, s) and v(p, s).
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