PHY-396 K/L. Solutions for homework set #15.

Problem 6.1:
We are interested in a tree-level (in QED) elastic scattering of an electron off a proton via a virtual

photon exchange. The amplitude for this process has form
M= "—""—- (S.1)
where ¢ = p' — p = k — k' is the momentum of the virtual photon,

Jule”) = —e a(k )y u(k) (S.2)

is the electron’s tree-level electromagnetic current while the proton’s current (and hence the vertex)

has non-trivial form factors due to strong interactions:
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We need to sum / average the mod-squared amplitude (S.1) over the electron’s and proton’s

spin states, thus
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where the second eqality — the sum over the electron’s spin states — should be familiar by now;

for simplicity, I neglected the electron’s mass in thus sum.



Summing over the proton’s spin states is more complicated:
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Substituting eq. (S.5) back into eq. (S.4) now gives us
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where
A = [k;k:,, + kuk, — g (BE)] < (p+ )" (0 + p')"
= 2(pk +p'k)(pk' +P'K) — (kK)(p +p)?
or in terms of Mandelstam’s kinematic variables s, ¢ and u, (S.7)

= %(s —u)? + %75(4M2 — 1)

= 2(s —2M?)? + 2st

and
B = [k k, + kukl, — g (kK] % [¢*g" — q"¢"]

= (2—4+ 1) x (kK)g® — 2(kq)(Kq) (5.8)
= —(gt)(t) — 2(3t)(—5t) =
In the lab frame,
s = M* + 2ME, t = ¢* = —2EE'(1 —cos0) (S.9)

and (cf. discussion of the Compton effect in the textbook)
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Also,
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Combining this formule with eq. (S.6) gives us
do a? 2
— = F - 4 F; i+ F)? S.12
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where we now evaluate eqgs. (S.7) and (S.8) as
A= AMBE?(1 + cos )
M+ E(1—cosf)’ (S.13)
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Substituting eqs. (S.13) into eq. (S.12) finally gives us the Rosenbluth formula

do o2 [(1 + cos0) (F12 — 4q—]v2[2F22> + (1 —cos#) 2?\22 (Fy + Fy)?
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(S.14)
Q.ED.

Problem 6.3(a):

The leading-order effect of the Higgs boson on the electron’s magnetic moment comes from the
\M\N
/

In terms of the ey vertex correction, we have

following Feynman diagram:
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which can be evaluated in exactly the same way as the similar QED correction with a virtual photon.

Using Feynman parameters x + y + z = 1 for the three denominators, we have

Oy = ///dxdydz drz+y+z—1) /(3;454 @ Z—)\QAAfie)?’ (S.16)
where
=k + ap + yp, A = zmi + (1—2)*m? — ayq® (S.17)
and
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The second expression here follows from the first after a few tricks you should have learned from



the QED calculation. As in QED, the first term on the second line of eq. (S.18) contributes to the
§F1(¢?) while the second term contributes to the §/%5(¢?), and hence to the anomalous magnetic

moment. Thus,
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Problem 6.3(b):

According to eq. (S.20), the effect of the virtual Higgs boson one the electron’s magnetic moment is
suppressed by two very small factors, namely (m./my,)? and A2 = (m./ (H))? where (H) ~ 245 GeV
is the Higgs field’s vacuum expectation value that gives rise to the electron’s mass in the first place.
Presently, the Higgs mass my, is not known, but there is experimental lower limit mj; < 100 GeV.

Hence,
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both correction being much smaller than the present-day experimental uncertainties of the two

leptons’ anomalous magnetic moments.



Problem 6.3(c):

The axion’s contribution to the anomalous magnetic moment can be calculated similarly to that of

the Higgs boson. Again, the ey vertex correction is given by eq. (S.16), only now
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where the analytic formula for the integral I(m2/m?) is too complicated to display here. Asymp-

totically, I ~ 3 for a light axion (m, < m.) and I ~ ZZ% [log(ﬁ—%) - 1—61 < 1 for a heavy axion

(mg > me).

Given the current experimental limit |0 ( ) | < 10 11, there is a rather low experimental

limit on the electron-axion coupling: A light axion must have |\| < 4-107?; for a heavier axion,

I\ < 4-1075/v/2I.



