PHY-396 K/L. Solutions for homework set #20.

Problem 9.2(a):

First, consider the partition function analytically continued to an imaginary temperature 7 =
1/(iT), i.e. §=14T. Formally,

A

Z(1/iT) = Tr[e—im = U(T, 0)] = /dxo U(zo. T; 0. 0)
z(T)=w0q

_ /dxo / D'[(t)] S (S.1)

z(0)=z0
2(1)=2(0)
_ / Dla(t)] e/5x(t)

where S is the Minkowski-time Lagrangian action functional

T
Sla(t)] = /dt(%a’cQ — V() : (S.2)
0

for simplicity, we work in units A = 1,m = 1. Note the boundary conditions in the last path
integral in eq. (S.1): z(t) is required to be periodic in time, z(T") = z(0) but there are no

separate initial or final conditions.

Strictly speaking, the Minkowski-time path integral is defined as an analytic continuation
of the Euclidean-time path integral over z(tg), tg = itynk. The boundary conditions should
be analytically continued too  which for the integral (S.1) means z(tp = 1) = z(tg = 0).
In other words, we should analytically continue back to the real inverse temperature = 1/7,

thus

2(8)=2(0)
2T) — / Dl(tg)] e~ e lrte)] (8.3)
where the Euclidean-time action is
B
Splr(ts)] — /th (1% + V(). (S.4)
0



Problem 9.2(b):
Strictly speaking, we should first discretize the Euclidean path integral and only then Fourier

transform the discrete Euclidean time. Thus,
nf
N Y
z(tg) — zp,=z(ty), xo=zN,

g — th = n=0,1,2,....,N, tg=tn,

the path integral is

Z = lim(N — co0) C(N) /de e~ 55" (@ mn) (S.5)
where
N\ N2
C(N) = (ﬂ) (S.6)

is the Euclidean normalization factor and the Discretized Fuclidean Action for the harmonic

oscillator is

- N w?p
discr _ v _ 2 2
n=1 n=1
The action (S.7) is quadratic with respect to the integration variables z1,...,zx, so the

integral (S.5) is Gaussian and may be evaluated exactly. Unfortunately, the determinant of the
quadratic form (S.7) is rather formidable, so let us first diagonalize the action. The continuum-

time Euclidean action is diagonalized via Fourier transform

+00
x(tE) _ Z 6—1/2e—2ml<:te/,8ykH
h=—oc (S.8)

2
Sele] = 33 (w? + (Gl S

note that the frequencies here are discrete because the Euclidean time is periodic; also, y; = y_,..

For the discretized action (S.7) however, we need the discrete Fourier transform

N
1 —2mikn
In = \/—NE e 2k /Nyk (5.9)
k=1

where the discrete frequencies k are defined modulo N, i.e. yo = yn., y_r = YN_k, €tc., etc.;



again, the frequency modes y; are complex, but the complete set of yi,...yn is self-conjugate

as Yy = y_- The key formula of the discrete Fourier transform is

Z e—27rz'(k—€)n/N _ NémOdN(k . 8)

n

Consequently,

mod NV mod V mod NV

Yooak =Y whw, = ) vy
n n k

and likewise
mod NV mod N

2
> (@ ane)? = Y |1y
k

n

where the latter follows from

mod N . .
Ty — Tp_1 = Z N*1/2672mkm/N <1 _62mk/N> s -
k
Hence,
mod N
i 4N Tk W?p
d _ 1 .9 9
SEISCr[y]C] = 3 zk: (F sin N + T) |yk|

and therefore

Z = lim C(N)J(N) /dNye_S%iscr(y)

N—o

mod N 1/2
. . AN . 9 Tk w2ﬂ

(S.10)

(S.11)

(S.12)

(S.13)

(S.14)

where J(IV) is the Jacobian of the discrete Fourier transform (S.9). To evaluate this Jacobian,

we perform the Fourier transform twice:

mod N mod N

Yp = Z N—1/26—27rimk/sz, T, = Z N—1/2€—27rikn/Nyk _ (_1)nzn, (815)
m k



which immediately tells us that

0z, 9
[det ﬂ} = det o +1
Oy, Ozm,
and hence J = | det(0z,,/0y)| = 1 and therefore
mod N 292 -1/2
_ L2k W
Z(8,w,N) = I} <4su1 ~ t ) (S.16)
At this point, let me use without proof a somewhat obscure mathematical formula
N-1
k
28in— | = .
H ( sin N) N, (S.17)
k=1
which allows me to re-write the discretized partition function as
N-1 —-1/2
N k 222
Z(B,w,N) = o0 X kl_[l (4Si112% + wNﬂQ )
1 N1 2 172 (S.18)
w 1 AN<sin” %7

To evaluate the large N limit of this partition function (physically, the continuous time
limit), we approximate 4N?sin?(rk/N) ~ (2rk)? for k < N, and likewise 4N? sin?(7k/N) ~
(21(N — k))? for (N — k) < N while for the remaining modes sin?(7k/N) = O(1) and hence

2 72
4N#sin” %7
Consequently,
1 w232 -1/2 W22 -1/2
Z(8,w,N) — — 14 22 14 22
i R | (*(mrk)?) < U < *(%(N—k))?)
1<k<N 1<(N—-k)<N
00 2179 1
w=p
— 1
N W3X£1( +(mmy)

(S.19)

The above calculation was rigorous but rather long. The intent of this exercise was for you

to derive eq. (S.19) using continuous rather than discrete space time. This means, diagonalizing



the continuous-time Euclidean Action via the Fourier transform (S.8) using D[z (tg)| = Dlyx| xa

constant Jacobian (possibly dependent on the time interval 8 but not on the w) and

]D[yk] = kﬁm/dyk = /dyo X :E[j//dReyk dImuyy, . (S.20)

Thus,

7 m/D[yk} exp(—% io (w2 + (2?;)2) |yk|2>

k=—o00
+00
|27 s
— — X R —
(.()2 ]g w2 + (225)2
o 5 : (S.21)
T H k2~ 1 w232
k=1 T Gy
+0o0
1 1
LI |
2/62
oo\t G
In other words, the partition function is
-1
AB) 17 (1t
Z(Bw) = —= X 11 5 (5.22)

=1 \ 1 T @y

where A(f) is some unknown overall coefficient, possibly divergent and / or 8 dependent, but it
cannot depend on the harmonic oscillator’s frequency w. Indeed, the frequency dependence of
the partition function (S.22) is in complete agreement with with the formula (S.19) we obtained
above by discretizing the Euclidean time. The discretizing approach also yields fixes the overall

coefficient A = 1/3; you decide whether it was worth the bother.

It remains to evaluate the infinite product in eq. (S.19). Consider Z(w/() as an analytic
function of a complex argument. Whenever any factor of on the right hand side has a zero in
the complex (w@) plane, Z(w/f) has a zero and ditto for the poles. Also, the product converges,

so these are the only poles and zeroes of the Z(w/f3) The individual factors at hand are 1/(wp)



and
1 (27k)?

1+ % (WP + 27ki) % (wpB — 27ki)

for k = 1,2,3,.... Thus, the Z(wf) function has no zeroes and it has poles at w3 = 27ki for
all integers k (positive, negative and zero). In other words, it has the same poles and zeroes as

the 1/sinh(wf3/2) function and indeed, there is a well known formula

sinh(z) — zﬁ (1 + %)

(cf. the text of the problem), which immediately leads us to

1
7 e — .2
@8 = Samws) (5.23)
Finally, let us compare our result (S.23) to the well-known Planck formula
+00 ) e_ﬂw/g 1
Z — ) _ E — ) — = = = 24
;exp( BEn(w)) nz_oexp< Boin+3) = 1% = Tmgar: O

which indeed agrees with the our path-integral-based formula (S.23), provided we have the

correct overall coefficient.

Problem 9.2(c):

Generalizing eq. (S.3) from particle mechanics to field theory is quite straightforward. For a

real scalar field field ¢(z) with a Euclidean Lagrangian
Ly = 3(00) + V(¢) (8.25)

we have finite-temperature Partition function

B
Z(8) = / D[o(x,24)] exp | — /d3x/da:w (2(09)* + V(9))| . (S.26)
b(x,8)=¢(x,0) 0
In other words, finite temperature translates into geometry of the Euclidean 4D spacetime: The
Euclidean time x4 = it is of finite extent 5 = 1/7 and the scalar field is subject to the periodic

boundary condition; the other 3 dimensions x1, x2, x3 are infinite as usual.



For the free scalar field, the Euclidean action is a quadratic functional

Selolar)] = § [d'ap olm? — 8%, (5.27)

which becomes diagonal after a Fourier transform. However, because of the periodicity of the

Fuclidean time coordinate, the Euclidean “energies” k4 have discrete rather than continuous

spectrum,
d3k —1/2 ikpxe
d(zg) = (%)BZ gL2ehETe () (S.28)
ka
where
2r
ks = 5 X integer. (5.29)
Consequently,
| [ d°k 2, 1.2 2
Se = 3 (2r)3 (m” + kg)|®(kp)| (S.30)
ka
and hence
- d3k
7 = [Det(m? — 0F)periodic] Y2 exp const—%/(%r)i;z log(m? + k%) . (S.31)
ka

It is often convenient to re-express a sum over a discrete momentum component using

Poisson’s re-summation formula:

400 o0
ZF(n) /de Z d(z —n)
+00 +00 (8'32)
= /d:c F(x) x Z 2t
0 f=—00

or for the problem at hand

S F(ka) Z dk“ 4)etPtk. (S.33)
ka

Hence, the Helmholtz free energy F = —7 log Z of the free Hermitian scalar field can be written



as

4 .
F = const + % Z /m e Jog (kL + m?). (S.34)

In the zero-temperature limit 3 — oo, the sum ), reduces to the £ = 0 term while all the other

iBtks Tn the general spirit of subtracting

terms are suppressed by the rapidly changing phase e
the zero-point energy contribution, we should therefore get rid of the £ = 0 term. Since all the

other terms come in symmetric pairs +¢ # 0, we arrive at
Zoo d*kp G0k 2 2
— ?

Formula (S.35) has a nice 4D form, but for the purpose of comparison with the ordinary
statistical mechanics, let us integrate over the k4 before we integrate over the 3—momentum k.

For fixed k and ¢ we are faced with the integral
dky
I = / 2—; P Jog(k2 4+ E?) (S.36)

where €2 = m? + k2. The logarithm here has branch cuts (in the complex k4 plane) from +iE
to +i00 and also from —iF to —ioo, so we would like to deform the integration contour away

from the real axis to make it wrap around the upper branch cut:

|_k;4

In other words, ky = i F(1+x+i€) on its way down from 2 = +oo toz = 0 and ky = iF(1+x—1€)



on its way up from x = 0 back to k = +o00, hence

+00
¥
I = ;— dz e~ BEA+D) o [log(E2(—2x — 22 +i€)) — log(E*(—2x — 2 —ie)) = 2]
T
0
+00
—BLE
— _FE | dpe BEQ+) _ _ €
O/ Te T
(S.37)
Next, we sum this integral over ¢, which gives gives
1 &, (e BEV
—Z (e 7 ) = Tlog (1 — e_ﬁE) (S.38)
ﬂ (=1
and therefore free energy
d3k P

Finally, let us compare our result (S.39) with the conventional statistical mechanics of

identical spinless relativistic bosons. In SM of identical bosons,

d3k rmoni
F(T,m) = /W Foamone(T, Ex) (5.40)

where each oscillator mode contributes

Fhamene(T, By) = —T log Zhaione = Tlog(2sinh(EB/2)) = 1E + Tlog (1 _ e—ﬁE)
(S.41)

Subtracting the zero-point energy %E and substituting into eq. (S.40) we arrive at precisely
eq. (S.39), which shows that the Functional Quantization of the field theory correctly reproduces
the free energy of the field’s quanta.

Problem 9.2(d):

For the (0 + 1) dimensional (zero space, one time) free complex Grassmann field ¢ (¢) we have




quadratic Euclidean action
B
Sw = / s (0 + W) (5.42)
0

and hence Partition Function
Z = Det[0+ w]. (S5.43)

All physical observables of this system must be periodic in Euclidean time, so the odd Grass-
mannians such as the fermionic fields themselves should be either periodic or antiperiodic.

Therefore, the ‘momentum’ modes should be quantized as either integers or half integers,

2 2
k:%Xn or kzgx(nJr%), (S.44)

which produces two distinct expressions for the partition function: In the periodic case, we

have

7y H(ik—i—w)

el () o
2

= 2sinh(fw/2),

while the anti-periodic partition function is

Z_ x H(zkz + w)
k

oo 2
— H <w2+ (2%) (n+%)2>
n=0
- 2
x 1 1+< fw ) (S.46)
m(n+ 3

(o)) 0 ()

= Sinh(ﬁw)/sinh(ﬁwﬂ) = 2cosh(fw/2).
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In other words,
Zi(Bw) = etfol? (1 ¥ e_ﬂ‘”>. (S.47)

Physically, the anti-periodic partition function Z_ agrees with the two-level Fermi statistics

while the periodic function Z; does not seem to be a partition function of anything.
Therefore, at finite temperature, the fermionic fields are anti-periodic in the Euclidean time.

Naturally, the same rule applies to the fermionic fields in any space dimension. For example,

for a free Dirac field in d = (3 + 1), we have

+2 d3x
7 = [Det(m2 — 8]25)amiperiodic} = const X exp |+2 /W Z log(k% + m?) (S.48)
ka

where the ks “energies” have the half-integral rather than integral spectrum. Consequently, the

Poisson re-summation becomes

S F(ks) = 8 Z / T Plka) x 9% x (1", (S.49)
ka

which leads to the free energy
d*kp
F = const — 2 Z / E; ks 1og(k% + m?) (S.50)
V=—00 )
or, after subtracting the zero-point energy

oo

d*kg
Z / )]i e Jog(kL 4+ m?) (S.51)

Similar to the bosonic case, we may re-write this formula in the conventional 3D terms by

integration over the k4 and summing over the £’s. The integration over the ks works exactly as

11



in the bosonic case, but the sum ), is slightly different because of the alternating signs:

= (=1)" _sp —BE
e = —Tlog(l+e (S.52)
> (1+ )
and hence
F(T,m) = / (5371;(—47) log (1 + e—f”Ek) (S.53)

in full agreement with the Fermi—Dirac statistical mechanics.

Problem 9.2(e):
Similarly to other bosonic fields, at finite temperature 7 = 1/, the EM field A#(zg) becomes

periodic in the Euclidean time direction,
At (x, x4 =0) = AP (x,24 = ), w=1,234. (S.54)

Its local properties however remain exactly the same; in particular, we still have local gauge

transformations
AM(zg) = AM(zg) — OMA(zE) (S.55)
albeit subject to the periodicity condition

MHAx,z4=0) = HA(x,z4 = f). (S.56)

Comnsequently, the proper construction of the Euclidean Functional integral over the EM field
configurations requires the same Fadde’ev Popov gauge-fixing procedure as for 7 = 0 with

suitable modifications to reflect the fields’ periodicities. Thus, the EM Partition Function is

Zgm = C / D[A!(zp)] Appe~ 714" (#7)] (S.57)

periodic

where the Fuclidean action
8
SplAM(zg)] — /d3x /da:4 (1R, + k(047 (S.58)
0
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includes the gauge-fixing term and the Fadde’ev—Popov determinant
AFP = Det(_82)periodic (859)

takes into account the periodicity (S.56) of the finite-temperature gauge transformations. Fi-
nally, the normalization factor

-1

c - [ /D[w(IE)] ¢~ [ d'u (S.60)

compensating for the averaging over the gauge conditions 9, A* = w should also involve properly
periodic w(zg).
For the free EM field, the Euclidean action functional (S.58) is quadratic and the functional

integral (S.57) is purely Gaussian, but keeping in mind the Fadde’ev—Popov determinant factor

App, we have

Zgy = CDet(—0?) x [Det (926 + (1 — ¢ Yyorg)] (S.61)
where all the determinants are over periodic fields. Hence, in the momentum basis
log Zpm = /571; > {3log(€") + log(kh) — 3logdet (KRo" — (1— &) klky) )
" (S.62)

where the 4 x 4 matrix (k46" — (1 — 1) kLkY) has three eigenvalues equal to k% (transverse

eigenvectors) and one eigenvalue equal to k:% /€ (eigenvector parallel to the kg). Thus,

det (k30" — (1 — & kK = €1k (S.63)
and therefore
log 7 /d?)—kZ{—l x log(k%) } (S.64)

By comparison, a (real) scalar field has
log Z :/ds—kZ{—l x log(k? +m2)} (S.65)
VORI E | |
4
which means the EM field has the partition function of two species of a massless scalar

13



or equivalently, two physical polarizations states for its own massless quanta, the photons.

Q.£.D.
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