PHY-396 K. Problem set #7. Due October 21, 2003.

1. Consider the matrix 7 = 270717273

(a) Show that + anticommutes with each of the v matrices, Y9y* = —H~>.

(b) Show that 4° is hermitian and that ()% = 1.
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(c) Show that 7° = (—i/24)exnu ™y 7" and Py ity 7.

(Sign convention: €V'?3 = +1, eg1o3 = —1.)
(d) Show that yAyla¥l = et 4 5.

(e) Show that any 4 x 4 matrix ' is a unique linear combination of the following 16

matrices: 1, y#, fy[“fy"], AOyH and ~°.

Under continuous Lorentz symmetries, a Dirac spinor field W(z) transforms according to
U'(2') = M(L)¥(x = L™'2') where M (L = €’)) = exp(—50,35*7). Consider the trans-
formation rules for the independent bilinear products WI'W of a Dirac field and its conjugate

U(x), namely (cf. (e))

S = WU, VHF = Uylw, TH = @7[“7’/}\11, AP = UA%9H T and P = UA°U.
(1)

(f) Show that under continuous Lorentz symmetries, the S and the P transform as scalars,

the V# and the A as vectors and the TH” as an antisymmetric tensor.

2. Under the parity symmetry P : (x,t) — (—x,t), Dirac spinor fields transform according to
PUx, )P = V(xt) = 700 (—x,1) (2)

where the overall sign depends on the so-called intrinsic parity of a particular Dirac field.
Note: P here is a unitary operator in the fermionic Fock space; by nature of the parity

symmetry, P2 =1.

(a) Verify the covariance of the Dirac equation under this symmetry.



(b) Find the transformation rules of the bilinears (1) under parity and show that while S
is a true scalar and V' is a true (polar) vector, P is a pseudoscalar and A is an axial

vector.

. Next, consider the charge-conjugation properties of Dirac bilinears WI'W. To avoid op-
erator ordering problems, take W(z) and Uf(z) to be “classical” fermionic fields which

anticommute with each other, \I/a\I/TB = —\I/Tﬁllla.
(a) Show that CUTUC =TT where T¢ = A0y20 T 042,

(b) Calculate I'“ for all 16 independent matrices I' and find out which Dirac bilinears are

C—even and which are C—odd.

. In theories involving both bosons and fermions, one often has to combine commutation and
anti-commutation relations of various operators, depending on the overall statistics of the

operators involved. For that purpose, it is useful to define a ‘mixed’ commutator bracket
[A, B} & AB — (-1)*PBA (3)

where (—1)48 is —1 if both A and B have overall Fermi statistics (i.e., each comprises
an odd number of fermionic creation/annihilation operators — the number of bosonic

creation/annihilation operators does not matter) and +1 in all other cases.

a) Verity the Leibniz rule for the mixed brackets: A,AA = A,A A+— AA,A
Verify the Leibniz rule for the mixed brackets: [A, BC'} = [A, B}C DABBIA, C

and write down a similar rule for the [AB, C'}.

(b) Similarly, express [AB , C’f)} in terms of appropriate mixed brackets of A or B with C
or D.

(c) Prove the ‘mixed’” Jacobi identity

(~DAB,CY) + (~D)P[BIC, A} + (-1)PCCABYy = 0. (4)



In other words (and notations),

[By,[Ba, B3] + [Bo,[Bs, Bi]] + [Bs,[B1, Ba]] =
(B, [Ba, FI] + (B, [F,Bi]] + [F,[B1,Ba]] =
{F1,[Fy,B]} — {Fy[B. P} + [B{F, )] =
(BB, B3Y) + (B {F, B} + (B3, {F, Bo}] =

9
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where ‘B’ and ‘F” indicate the overall statistics of the operator involved.

5. Finally, an exercise in fermionic creation and annihilation operators and their anticommu-

tation relations,
{ag, 05} = {al,al} = 0, {aq.af} = dag. (6)

(a) Calculate the commutators [aLaﬁ,aL], [&Ldﬁ,d(;] and [d&dﬁ,&l;dd].

(b) Consider two one-body operators Al and f?l and let él be their commutator, C’l =
[Al, Bl] Let A be the second-quantized forms of Ay,

A =3 (o] A|B) alay, (7)
o,
and ditto for the second-quantized B and C.
Verify that [A, B] = C.
(c) Calculate the commutator [&Ldy, (o gy ).

(d) The second quantized form of a two-body additive operator

. . th th
Biot = %Z Ba(i andj  particles)

i#]
acting on identical fermions is
B =1 (a8 Bly®0d) alalasa, . (8)
a’ﬂ?’y76

This expression is similar to its bosonic counterpart, but note the reversed order of

the annihilation operators a5 and a..



Consider a one-body operator Ay and two two-body operators By and Cy. Show that
if Cy = [(Al(lﬂ) + 1211(2®)), BQ:| , then the respective second-quantized operators in
the fermionic Fock space satisfy C' = [A, B].



