PHY-396 K. Solutions for problem set #3.

Problem 1(a):

First, let us verify eq. (3) for a wave function ¥(xy,...,xy) of the form (1), that is, for the
quantum state [N, ¥) = |ay,...,an) = |{ng}). Note that the number of distinct permutations
of N one-particle modes oy, ..., ay corresponding to occupation numbers ng is precisely (N ! /

[1s ng!), so the wave function (1) is properly normalized.

Let us define ¥'(xy,...,xy_1) according to eq. (3). Using orthonormality of the 1-particle

wave functions ¢g(x), we have

[T1;n4!
\If/(Xl, S 7XN—1) = Eﬂ_ fl /dBXN ¢;(XN) ] Z~ G, (Xl) te ¢5[N(XN)

(al,...,aN)

HB nﬁ Z ¢Ol1 X1 ¢dN_1(XN—1) X 551N,77 (Sl)

061, ,aN
which leads to two distinct situations: (A) If ny, = 0 id.e., if none of the aq,...,an equals v,
then for any permutation (&1,...,an) Gp # v and every term in the sum (S.1) vanishes, thus

U'(x1,...,xy-1) = 0. Clearly, this agrees with a., |{n5}> = 0 for n, = 0. (B) On the other hand,
if ny > 0 then without loss of generality we let oy = (remember that the list (a1,...,ay) id
un-ordered). Consequently, the d4, , factor in eq. (S.1) restricts permutations (&1,...,ay) to

ay =7y = ay, and since we count distinct permutations only, we have

ng!
U (x1,...,XN_1) = WELE > Pa, (X1) -+ - Pan_, (XN—1)- (S.2)

N —1! L ,
distinct permutations
(611,...,641\]_1) Of (al,...,OéN_1)

Comparing this expression to eq. (1), we see that ¥’ is the wave function of the state |aq, ..., ay_1) =}

{n’ﬂ =ng — 5g,7}>, except for the normalization factor

ng! n’y! n’y!
L = /Ny X Eﬁ_ f! instead of gﬁ_ f!. (S.3)




In other words,

(N =1),¥") = /nylag,...,an_1) = ayloa,. .., an), for ay =7, (S.4)
and we already saw that for ay,...,ay #7, [¥/) =0=alay,...,ay) as well. Thus,
VIU) =ag,...,an) : ‘\I/'> = a,|V), (S.5)

and by linearity of eq. (3) it follows that |¥') = a,|¥) for any linear combination of the
lag,...,an) states. As we saw in class, such states form a complete basis of the N-boson

Hilbert space, therefore

[U') = a,[T) V|T) € Hybosons - 0.£D.

Problem 1(b):

First, consider a one-body operator of the form O = |a) (3|. For this operator, the second-

(2) ] (1)

quantized Otot is simply dadﬁ while the first-quantized Otot has matrix elements
A1
<N? \I]1| Oéo‘z |N7 \I/2> =
N
= Z /d3X1 = -/d?’XN/d?’X; WXL, Xy XN) @0 (%) 05 (X0) U (X1, -, X, o, XN)
i=1

_ N/d3x1 .../dSXN/d3x3V Ti(X1, - X1, X)) (XN) S5 (K0 Ta, ., Xy—1, Xly)
= /d3X1 s -/d3XN_1 \If/l*(Xl, e aXN—l) \P/Q(Xl, e aXN—l)

where the second equality follows from the total symmetry of the wave functions ¥ and W4, and
the (N — 1)-particle wave functions W} 5(x1,...,Xy-1) on the last line are defined according to
eq. (3) (but using a, instead of a, for the ¥} and ag for the Wa). In light of problem (a), this

means
(N, U1 O IN, W) = (N = 1), W4|(N — 1), Wh) = (N, W] afag|N,s)

= (N, 0| O [N, W) .

Now we need to extend this result to generic one-body operators. Any operator Ry in the one-

particle Hilbert space can be decomposed as By = > . |a) R g (B8] where R, 3 are the matrix



elements (a| Ry |3). The definition (4) of first-quantized Ji’éig of N particles is obviously linear
with respect to the fil, thus

tot = ZRaﬁzoa 5’) (5.7)

th harticle

and therefore, thanks to eq. (S.6),

(N, W1 R IN,Wa) = 57 Rog (N, W] ahiy [N, Ua) (N, W1| RE) N, Us). Q.£.D.
o

Problem 1(c):
Again, we start with a particularly simple 2-body operator Oz = (|a) ® [6))({y|® (8|) which acts

on two-particle wave functions according to

(2,01| 092, Ty) = /d3x1/d3x2 U3 (x1, X2) o (X1) P (x2) (S.8)

< [y [ @vaonx)o e Wt xa)

A1)

Consequently, the first-quantized Oy,; operator constructed according to eq. (7) acts in the N-

boson Hilbert space as

(N, 0[O IN, W) =

= 3 Z/dgxl .../dng WT(X15 ey Xy oo X, XN) 9 (X)) P5(X5) X
i#j

/d3 //d?’xlgb7 o5 (x )\IIQ(Xl,..., I ¢ ‘,...,XN)
N(N
= %/dgxl .. /dBXN\IJ (Xl,.. , XN—2, XN— 1,XN)¢Q(XN 1)¢ﬁ(XN)

X /d3x§v_1/d3x§v O (xN-1)05 (XN ) Vo (X1, ..., XN_2,XN_1, X}y)

= % /d3X1 . -/dSXN_Q \I’/ll*(Xl, e 7XN—2) \I’IQI(Xl, e ,XN_Q)
(S.9)



where the (N — 2)—particle wave functions on the last line are

\11/1/*()(1, ce ,XN_Q) = \/N(N - 1) /d3XN_1/d3XN \IJT(XL ce 7XN)¢a(XN—1)¢,3(XN) (SlO)

and

\I/g(Xl, ce ;XN72) = \/N(N — 1) /dngl/dBXN (b:(XN,l)(b;(XN)\IfQ(Xl, Ce 7XN)- (S.ll)

Notice that the double integral in eq. (S.11) is precisely the integral of eq. (3) applied twice, thus

in Fock-space notations

(N —2),05) = a,ag|N,¥y). (S.12)
As to eq. (S.10), it looks like the complex conjugate of eq. (S.11), hence in Fock-space notations
(N =2), 9| = (N, ¥]a}af;. (S.13)

Putting this all together, we arrive at
(N, W1 O] [N, Wa) = (N, W1|aala,as [N, Wa)  for Os = (ja) @ [6))((v] @ (8]). (S.14)

To extend this result to a general two-body operator SQ, we use matrix-element decomposition

in the two-distinct-particle Hilbert space:

Sy = Z Sapys (o) ®8)) ((v] ® (6])  where Sy 5,5 = (a| ® (3] Soly) @16).  (S.15)
a,B,7,0

Consequently, similarly to eq. (S.7), the first-quantized form of Stot can be written as

St = > Sapaesd (I (), times(18) (3])

i , (S.16)
a,3,7,0 i£j i== particle

58 particle
and therefore

(N, U1 SO N W) = 37 Supos (N W1|ahihasays [N, W) = (N, 01| $Z) [N, Us) Q.€.D.
a7ﬁ?fy75



Problem 1(e):
First, let us calculate the Fock-space commutator [&Ld,,,&gd%&vd(;]. Using the commutators
[&Ldl,, dL] = 5y_adL and [&L&V, agl = —0,.pay (cf. previous homework) and applying the Leibniz

rule, we have

(S.17)
Next, given a second-quantized one-body operator A = > (] Ay |v) &L&V and a second-

quantized two-body operator B = : Yapys ] ® (8] By |y) ®16) dL&Ldydé, we calculate

AB = > (uAi ) (a® B Baly ®0) [ala,, alala,ay]
v, 3,77,
{(using (S.17)))

F

>

2
s
X

Q45750 v
. . (S.18)
= > ahabayay x Y (a® | Byluw ) (ul Ar )
0475,V7(5 H
= Y abahaya, x Y (e ® B Byly® p) {ul Ar )
a767’y,y ‘LL
{((renaming summation indices))

— Z &E&EdWCAlé X Ca,ﬁ,'y,éa

a,B,7,0
where
Coprs =2 (ol AN AR B Baly®d) + > (Bl A1 [A) (a® A| Ba|y @ 0)
A A
= (a®@p|BaA@6) (AAily) — Y (a@pB|Baly @A) (A A1)
) A (S.19)

~

= (a®f| (Al(lﬂ)éz + A (22 By — ByAj(1%t) — Bzfil(?“—d)) v ®6)
= (a® 8] |(A1M) + Ai22)) Bo| h©8) = (@ Caly@0).
C

Consequently, [fl, E’] =C



Problem 2(a):

Use product-of-exponentials formula

VA B: eAeP — exp (A+ B+ YA B] + Sl(A-B),[A,B] + ). (S.20)
In particular, for A = ¢al, B = ¢*a and [A, B] = £€* being a c-number,
t

£l =€ _ oy (5&* —at %55*) . exactly, (S.21)

and therefore

€y deF paT—ga gy = oleP/2e8T =8 ) = omleP/28T gy (S.22)

(Note e=¢7@ |0) = |0) since @ |0) = 0.)

Next, [a,a!] = 1 implies that for any function f(a'), [a, f(al)] = f/(a). In particular,
4, e8] = £ef%" or in other words, (& — £)ef® = €%@'G and hence (@ — €) |¢) o €$4'4(0) = 0.

Q.£D.

Problem 2(b):

For any normal-ordered product of creation and annihilation operators — i.e., a product in which
all creation operators are to the right of all annihilation operators — one has (¢| (a')¥(a)t |¢) =
(64)r¢’, simply because @ |¢) = & |¢) and (¢]af = €* (¢]. In particular, (¢] (n = ala) |¢) = £*¢.
On the other hand,

Q>

a? = dlaata = alalaa + ala = (€n2le) = (€)% + ¢¢ = a2 +a  (S.23)




EP1E) = 5o (E+EP+1) = (€ale? + 5
and likewise
€l = T (g ie? +1) = (Eple? + o,
thus
Ag = % Ap:\/@, Aqu:g. (S.24)
Q.ED.

Problem 2(c):
In the Schrodinger picture, a' is time independent, hence (d/ dt)egaT = (d¢/ dt)dTeng. Using time

independence of the magnitude |£|, we then have

d 270 ¢ d. 1d
G (g =t o) = Sl — 2l = —walal)  (529)

where the last equality comes from &(t) = &ye™™?. In other words,

i Jen) = hwalalen) = HIE). (5.26)
Q.£.D.

Problem 2(d):
In question 2(a) we saw that [a,a] = 1 implies e’y = (a— 5)65&T for any c-number . Iterating
this identity gives us eSa’ fla)=fa—¢ )6‘5&T for any function f(a) of the annihilation operator,

and in particular

ol e _ ont(a—¢) gt _ —wg ot gat (S.27)
Consequently, the quantum overlap of the coherent states |€) and (5| is

<7]|xz> = e_|n|2/2€_|£|2/2 <0| en*&ede |0>
= e IR o) e ) (5.2

= exp (~3lnl> ~ 31¢P ~ ')



because 7 @ |0) = |0), (0] efi' — (0] and (0|0) = 1. In terms of the probability overlap,
(nl€)* = e7Iner (5.29)
Problem 2(e):

Generalization of coherent states to multi-oscillatory systems and further to the creation / an-

nihilation fields is completely straightforward:
|coherent) def eXp(FT - F) 0) = e V/2 |0) (S.30)
where
Fto= gl — ) Gal, - [dPxox) ¥ (x). (S.31)
Similar to the single-oscillator theory, (\if(x) - @(x))eﬁ e T\iﬁ(x), hence
V(x) @) = ©(x)|P). (5.32)
Problem 2(f):
Using eq. (S.32) and its hermitian conjugate, we have
(@[ WF(x1) - Ul () W(yn) - Ulye) [B) = @ (x1) -~ D (xx)P(y1) - - Plye) (5.33)

for any normal-ordered product of the quantum fields. Specifically, for the particle-number

operator N we have eq. (12), while for its square — whose normal-ordered form

N? = //d3xd3y@T(x)@T(y)\iJ(x)\iJ(y) + /di”xxiﬁ(x)@(x) (S.34)

generalizes eq. (S.23) — we have

@18210) = [[Exdy 000 ()B0) + [Exe(0x) = (©]N]0) + (@ F[0).
($.35)
and hence AN = VN, Q.£.D.



Problem 2(g):
First of all, if ®(x,t) satisfies the classical field equation — which looks exactly like a one-particle
Schrodinger equation — then N remains constant. (This is undergraduate-level QM.) Also, in

the Schrodinger picture of the QFT,

d pt dFT . 5. 0D(x,t) - I

thanks to mutual commutativity of the creation fields. Consequently, exactly as in question (c),

zh% (\@) = e N/2 \O)) = [/dg'xih% @T(x)} |D)

((using the classical field equation for ®))

_ . A
= | [d*x VitV ®(x) Ui(x)]| |
/ <2M ) eeoueolle)
((using coherence))
_ ) 2 A
= /d3x\I!T(X) ( VZ+V(x )) T(x)| |@)
= H|®).
Q.£.D.
Problem 2(h):
Generalizing (d) to multi-oscillatory systems is completely straightforward:
[(nl&)I? He Sammal® = exp (—Zlﬁa —%\2)
e
or for the field theory,
e = exp ( [ 8160 - 2260 ) (5.38)

which is exponentially small for any macroscopic §®(x) = ®;(x) — P2(z). Indeed, a macroscopic
difference between two coherent states means (by definition) that 0® affects a large number of

particles, [ |§®]% > 1 and hence an exponentially tiny overlap (S.38).



