PHY-396 K. Solutions for problem set #5.

Problem 1(a):

~

The conjugacy relations AL v = Ak EA’I]; N = —E_k7,\ follow from hermiticity of the A(X)

and E(x) quantum fields and from the third eq. (6) for the polarization vectors:
ALA = /dgxe”kxe)\(k)-AT(x) = /dgxe_i(_k)x(—ef\(—k))-A = -A__,,
and likewise
B, = /d3xe+ikXeA(k) Bf(x) = /d?’xei(k)X(—ej(—k)) B = -,
The equal-time commutation relations follow from egs. (1): Obviously,
[Aicx. Aw ] = 0, [Ex . B y] = 0.

Less obviously,

or equivalently,

Problem 1(b):

(S.1)

(S.2)

(S.4)

There are four terms in the Hamiltonian density (2), so let us consider them one by one.



Combining Fourier transform with decomposition into polarization modes it is easy to see

that in light of eq. (4),

. A3k A
/d3xE2(x) :/W EIT(’/\Ek)\ (86)
A
and likewise
A d3k P
3 2
/d xA%(x) = /(2@3 STALAL . (S.7)
A

Furthermore, using eq. (5) we have

-~ 3 . ~
V x Ax) = /(27:)‘3 3 el (z’k x e, (k) = )\|k|e/\(k)> A (S.8)
A
and hence
-~ 3 A A
/d3x (v X A(x))2 - / (;l;)‘g SO A2 AL A, . (S.9)
A

Finally, the first eq. (6) gives us

. A’k s , .
V. B(x) = / (QW)SZeZkXOkeA(k):z\klé)\,0> Fix (S.10)
A
and hence
. 2 A3k PN
/d3x (V-B) = / 5 KB By (S.11)

In light of all these formulae, we assemble the Hamiltonian (2) as

: d*k 1, Kk Cin\ At - m?+Nk% Wi\ o s
H= [ T A AR B 2N 5 =k VAT A ).
(2m)? i\ ((2 + om2 M0 9 ) K ey t ( 5 2Ck,,\) KA\ k,,\)

Problem 1(c):



Given egs. (S.3) and (S.5), we have

Cw s [~ = ,
X (L, Brox] = (+3)(2m)%0® (k + K)o )

[y o Gy ] = —iwie o

(S.12)

: ) 5 g ,
+ —iwy lei ([Ek,)\aAk/,)\’] = (=i)(2m)*6®) (k + k’)5A,A/)

= e x 2m)35 (k+ K)oy — wie x (27)°6) (k+ K)oy n = 0

and likewise [d; s &L,7 yJ = 0. On the other hand,
il 1 = i | SN (1AL = (—iy@20)P0) (k — k)6
[y o g ] = Fiwi O ([ ko B v] = (=9)(2m)°6 (k — k) /\,X>

A

C .
+ iy [ o (1By Al = ()0 K)o ) (813)

= Wi x 2m)36P) (k — K)ayn + wp (2m)363) (k — Ky n
= 2w x (2m)263) (k — K)oy -

Q.ED.

Problem 1(d):

Expanding the operators a, , and d;r{ ), according to egs. (9), we have

2
F o Wik Atz ot f L opt g At g
U AT\ = mAk«\AkA + G BBy + iw By Ay — oA By (514)

and therefore

N dSk A A )
Frea- (8) :/mekaL)\ak’)\ + AH (S.15)
A
where
3 PPk dwy . o
Al :/(ZW)?’ TZ (ALAEk,/\ - Ech,,\Ak,,\> (S.16)
A

Thus, to prove eq. (10) we need to show that AH is a c-number constant.



The trick here is to change the integration variable k — —k in the the first term in the
integrand of eq. (S.16) and then apply egs. (S.1) and (S.2):

IR TR G S S T
(2703 9 kA k,\ - (Qﬂ)g. T TekATkA T
A A

Consequently

Z—k
2 +k,\ +k/\

(S.17)

Wi A U R N
AH = /%3 <Ak)\Ek)\ Ek,)\Ak,)\ = [Ak,)\’Ek,)\D

:/d3k Zw_%% (k—k=0) (S.18)

2

which is indeed a c-number constant, albeit divergent. Q.£.D.

Physically, the vacuum energy (S.18) is the net zero-point energy of all the oscillatory
modes of the vector field theory. This energy is infinite for two reasons, one having do do with
the infinite volume of space and the other with its perfect continuity. The infinite-volume
divergence of [d®x of a constant vacuum energy density manifest itself via the (2m)35()(0)
factor, which is simply the Fourier transform of [ d3x(1). Indeed, had we quantized the theory
in a very large but finite box, we would have obtained the L3 volume factor in eq. (S.18) instead

of the delta function. In other words, the vacuum has energy density

Energy

Volume

d3k
:/—SSX%. (S.19)
Vacuum (27T) 2

Alas, this integral diverges at large momenta so the vacuum energy density is also infinite. This
is a generic problem of all Quantum Field Theories in a perfectly continuous space (and hence
unlimitedly high momenta). Ultimately, this problem should be resolved by the fundamental

theory of physics at ultra-short distances, whatever such theory might be.

Fortunately, for all practical purposes, we may safely disregard any c-number constant
term in the Hamiltonian, even if such term is infinite — and that is exactly what we shall do

in this course!



Problem 1(e):

Reversing eqgs. (9), we have

Agy = m( —AT_k,,\> (S.20)

and therefore

A Bk eikx
Alx) = / (2m)3 2
d3k 6Jrzkx d3k 67ikx
— - k ~ _ k ~
/(27T)3 2w ; /Cienexk) iy /(27r)3 2wy ; VCinex(=k)a

— / +k ~ —ikx _x At
/27T SQWkZ Ck)\( ! a/k,)\ + e ! e)\(k) a/k’)\> .

(S.21)

It remains to work out the time dependence in the Heisenberg picture. For the free
field governed by Hamiltonian (10), ¢, ,(t) = e Wtdk)\(O) and d;r()\(t) = e”“’tdLA(O) where
w = wg. Substituting this time dependence into eq. (S.21) and switching to relativistic

notations, we immediately arrive at

A(z) —/27r 32wkz‘/ (-“m k) ,(0) + ete} (k) dL/\(O)) (1)

I

Q.£.D.

Problem 1(f):
The 3-scalar field A%(z) is governed by egs. (3) and (S.10),

A Pk —ilk| e -
A(x,t) = / )P m|2|ek By o(t). (S.22)

Reversing eqs. (9) for the Ek7 A operator, we have

i/2

T (e + ) (S.23)

Ex ) =



and in particular

~ m R At
Exo = Yo (ak,o + ‘Lk,o) :

Hence,

3 .
A(x) :/7( L (akoﬂﬂ_kO)

27)3 2wy ™M ’ ’
d3k |k| +ikx d3k |k| —ikx AT
= [——= ™ a —_ 7 S.24
/(27T)3 2w M c k0 +/(27T)3 2w M ‘ 310 (5:24)

Pk k| +ikx ~ —ikx ~f
:/7(2@32&}1{ . <e ag, + e Xak70>.

As to the time dependence, it works exactly as in eq. (11) for the vector field, thus

; Bk k| .
A0 — 1B —ikx A +ikx At ‘ 9
(@) /(27r)3 2w M (e i o(0) + e ak,O(O)>ko:JMk (S.25)

In light of similarity between egs. (11) and (S.25), we may combine them into a single eq. (12)

where
k
(k) = Crer®) and k) = N, (5.26)
or equivalently, (13).
Problem 1(g):
According to eq. (12),
2 2\ Ap d3k 2 2\ —ikz rp ~
(0% + m?) Ak (z) = MZ<(_k +m?)e e fH(I, ) dy , (0) (S.27)
A
bR e e a4 0)
which vanishes because (—k? + m?) = 0 for k* = wy. Likewise,
AL d3k —ikx (; I A
8MA (ZE’) == MZ(G (Zkﬂf (k, /\))ak’)\(O) (828>
A
TR (i, ft (k, N))af (0
et ik f e V)i, (0)

which vanishes because &, f#(k,A) = 0 for all polarizations A. ~ Q.£.D.



Problem 2(a):

The simplest way to prove this lemma is by direct inspection, component by component:

' | (100" K? o P 1%
DS NN = DA ) + g el (k) = 8 +
A A

S N0 ) = £ 000 0) = T, 520
A
S PNk = [P0 = K = 1 Sk

Alternatively, we may use the fact that the three four-vectors f#(k, \) (fixed k, A = —1,0,+1)
are orthogonal to each other and also to the k# = (w, k). Furthermore, each (f(k, )\))2 =—1.
Consequently, the symmetric matrix (in Lorentz indices p, ) on the left hand side of eq. (14)
has to be (minus) the projection matrix onto four-vectors orthogonal to the k#, and that is

precisely the matrix appearing on the right hand side of eq. (14) (note k2 = m?).

Problem 2(b):
The operator product A*(z)A”(y) comprises aa, alal, afa and aal terms. The first three
kinds of terms have zero matrix elements between vacuum states while (0| G, )\ELL, Vv 10) =

2w (27)36B) (k — K')6 v Consequently,

S Pk 1
I v _ - —ik(z—y) rp *U
O A @A W0 = [0 [ e,
3 v
[ T +k~k> o)
3
(g L0 d k 1 eﬂk@ y>]
m?2 OxH 8x” 27T 3 2wk kO=—+wy
1
= [ g _
N ( g m?2 8:1:“6@’)



Problem 2(c):

Starting with eq. (15), we immediately see that for the un-modified time-ordering,

(0] TA*(2)A"(y) [0) = 6(z" —4°) (0] A*(2)A"(y) [0) + 6(y" —2") (0] A" (y) A¥(x) |0)

1 9 0
— 0 0o_,0 - Y
(z y)( g m? Oz, 0z,

)D(w—y)

1 0 0
0_,0 N 1 _
+ 0(y" —x )( g 201, a%) D(y — ).
(S.30)
On the other hand,
Gr(r—y) = 0" —y")D(x —y) + 0(y° —2")D(y — x), (S.31)
and hence
1 0 0 1 0 0
ooy =YY . _ 0o _,0 N .
( g m?2 axu@xy) Griz—y) ble” —y )( g m? dx,, 8xy) Dle=y)
1 0 0
0_ .0 oo =YY .
+ 0y —= )( g 20, aa:y) D(y — z)
— M08V 05M) (z — y)
(S.32)

where the d-function term arises from taking time derivatives of the f-functions. (cf. expla-

nation of (02 + m?)Gp(z —y) = —i6™(z — y) in class.) Comparing eqs. (S.30) and (S.32),

we obtain
QT 0) = (=0 = oot ) Grta—y) = 990% e =) (639

and hence
ORI W = (<~ o) Gele =) (5.34)

This proves the first line of eq. (16); the second line follows from the momentum-space form



of the scalar propagator

d4k Z'e—ik(;r:—y)
Grlz—y) = /(27r)4 k2 —m2 + i0

(S.35)
d4k w EH LY Z-efik(:rfy)
_/(27T)4 (—g T > k? —m?2+i0"
Q.ED.
Problem 3(a):
By definition, S* def ﬁh“,v” | = %(’yfwy — ¢g"). Using this formula, we saw in class that

[7>‘, SHY ] = i(g/\“v” — gV 7“). Consequently, by Leibniz rule,

[, 5] = 47 [, 5] 4 [y, 5] 4
= V" (ig"y" — igMA) + (ig"y — ig™ )y
= gy — g™ty — gyt gty
= P (Y ) — g (R — )
(= )t ig (P — )
L 9gMGRY L ggrrgEh _ 9 MW GRE | ggRngA,

and therefore,

[Sn)\’suu] _ % [’}/K’)/)\,Swj}
_ ig/\,uSm/ - Z»gm/S,u)\ . Z-g)\ysl-s,u + ?:gli,u,SZ//\ (836>

_ Z‘g)\,usfw + ignus)\,u o Z'g)\ysmu _ igKMSAy.
Q.ED.

Problem 3(b): Let F' = —% agSo‘fg, thus M = ef" and M~ = e~ . We shall use the multiple-

+F

commutator formula for the e Fy#et so we begin by evaluating the single commutator

[V F] = =305 [V F] = $0a5(9"Y" = ¢""7%) = 30/577 — 5049 = 044" (S.37)



The multiple commutators follow immediately from this formula,

[ FI.F] = 463",
[ F].F].F] = 64,6\0%,~", (S.38)

Consequently,

MNP = e Faykett
=" + [ F] + 5[ F)LF] + ([ FLLFLF] + - 0D
= 9+ 0+ FONOY + FON0N00 Y 4 o

= LWy

Problem 3(c):

P A yu 2 /))\ 7y 2 P )\ 2 P A e
{ ) ) ’Y /y /yy} g ’y /yy - g 'yl/ + g g 7 Y
K )\ v

[V, " ] = 2P MR = 2gPA ARk 4 2P ARy — 2PV A,

A . o\ . A .
[SP7, MY = ig? PR+ ig Py + g

ov A

VAP
s PA T MY P ATV PV A O
(2 e Ue (A0 Ao e gt
The algebra is straightforward.

Problem 3(d):

aﬁgaﬁ = 4;

Y% = 3177 g = g
7Y Y = 20" — 11" = 20Y = (4) = -207;
T = 20" %0 — Y e = 298 = A (=207) = 20701 = 49T
VPV Ve = 20V 10 — PV Y = 297 — v (497)
= 2(v"" = 2¢™) 7 = =2y
(S.39)

Problem 3(e):

Gauge-covariant derivatives D,, do not commute with each other: [D,,, D,| = igF},,. Therefore

10



(fy“DM)2 # D? but rather

(fy“DN)Q = 2"+ D,D, = (¢" — 2iS*™) D,D, = D? —iS*™ [D,,D,| = D? + qF,, S*
(S.40)

and hence

(=m —iv"Dy) (~m+iy*D,) = m? + (’y“DM)2 = m?+ D? + qF,, S*. (S.41)

Consequently, the covariant Dirac equation (i’y”Dﬂ — m)\If(x) = 0 implies

(m?+ D? + qF,, S")¥(z) =0. Q.£.D.
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