PHY-396 K. Problem set #7. Due October 19, 2004.

1. Consider the matrix 79 def iy0yy243,

a) Show that ~° anticommutes with each of the 4* matrices, Y2y* = —y#~°.

(
(b) Show that 7 is hermitian and that (7°)? = 1.

(
(d KAUY 7&75 )

)
)
¢) Show that 75 = (—i/24)exnmy Y 7" and yliqAyiar) = —jerdum o5,
) Show that yPyiyV] = je
)

(e) Show that any 4 x 4 matrix I" is a unique linear combination of the following 16
matrices: 1, y#, ’y[”fy”], AOyH and 2.

Conventions: %123 = +1, €p123 = —1, ’Y[”'Y

= 2yt — ),
APAHAVT = LAy — Pt oyl gh — AV it VplaA),
and ditto for the A yH?1,

2. Consider bilinear products of a Dirac field ¥(z) and its conjugate W(z). Generally, such
products have form WI'W where I is one of 16 matrices discussed in 1.(e); altogether, we

have

S = VU, VA = Uyly, TH = @@'7[“7”]\1/, AP = TUPHMT and P = Uiy 0.
(1)
(a) Show that all the bilinears (1) are Hermitian.
Hint: First, show that (UT'0)" = TTw

(b) Show that under continuous Lorentz symmetries, the S and the P transform as scalars,

the V# and the A* as vectors and the TH as an antisymmetric tensor.

(c) Find the transformation rules of the bilinears (1) under parity (cf. problem 2 of the
previous set) and show that while S is a true scalar and V' is a true (polar) vector, P

is a pseudoscalar and A is an axial vector.

Next, consider the charge-conjugation properties of Dirac bilinears. To avoid operator or-
dering problems, take ¥(x) and ¥T(z) to be “classical” fermionic fields which anticommute

with each other, \IJQ\IJL, = —\IJL,\IIQ.



A

(d) In the Weyl convention, C¥(z)C = +720*(z). Show that CUTWC = TTW where

2FT

¢ =1992T 1092,

(e) Calculate I'® for all 16 independent matrices I' and find out which Dirac bilinears are

C-even and which are C—odd.

3. Next, an exercise in fermionic creation and annihilation operators and their anticommuta-

tion relations,

(a) Calculate the commutators [ahay, ab], [ahag, a5) and [ahag, alay).

{ag, a5} = {al.al} = 0, {a.al} = dap.

(2)

(b) Consider two one-body operators fll and Bl and let él be their commutator, C’1 =

[1211, Bl] Let A be the second-quantized forms of fltot,
A =" (o] A1 |B) dlag,
o,
and ditto for the second-quantized B and C.
Verify that [A, B] = C.
Calculate the commutator [&Ldl,, &La ﬁayd 5)-
The second quantized form of a two-body additive operator
. . th th
Biot = % Z Bs(i andj  particles)
i#]
acting on identical fermions is

A

a,f3,7,0

B =1 (a8 Bly®0d) alabasa, .

(3)

(4)

This expression is similar to its bosonic counterpart, but note the reversed order of

the annihilation operators a; and a..

Consider a one-body operator Ay and two two-body operators By and Cy. Show that
if Cy = [(fll(ls—t) + A1(2n—d)), BQi| , then the respective second-quantized operators in

the fermionic Fock space satisfy C' = [A, B].



4. Finally, consider the quantum Dirac fields

A~

A dgp 1 i +1
_fap 1 - 5 i
Vo) = /(27T)3 2E, ; (e Pu(p, s)aps + e o(p, S)bp,s)p0_+EP 7
(5)
S dBp 1 imr - inT — N
V) = [ o gy 2 (7T + R )

Y
0=
s p'=+FEp

where @, b, af, and bl are relativistically normalized fermionic annihilation and creation

operators, thus
{apealy s} = {bpobly o} = Gsw x 2Bp(2m)%6@) (p — p') (6)
while all other anticommutators vanish,
{aorb,aorb} = 0, {alord', alord’} = 0, {a,b'} = {b,a’} = 0. (7

As discussed in class, the free Dirac Hamiltonian is

N S o d3p 1 1 e A
H = /d3x\IJ(—w -V 4+ mV¥ = /(QT)?’ EZ <Ep aLSap’s + Ep blTo,sbp,s) + const.

S
(8)
(a) Derive Dirac field’s stress-energy tensor (use Noether theorem) and show that the net

mechanical momentum is

~ A - dp 1 P
— 3 : _ 2 : At oA

(b) Show that the electric 4-current of the electron field is J#(z) = —eW(z)y*¥(z) and

that the net electric charge operator is
Q = —e/d3x T (2)U(x) + constant

dp 1 St T
S S (et + i)

S

(10)

Note: The constant term in the first line arises from the operator ordering ambiguity
when the classical electron field is quantized. It’s actual value — which happens to be

infinite — is determined by demanding that the vacuum state has zero electric charge.



(c) Finally, consider the net spin of electrons and positrons,
Smtzi/ﬁxiwﬁ. (11)

Expand this operator into momentum modes

N dgp 1 4
S = [———S 12
net / (27)3 2B, P 12
and show that for the non-relativistic modes (|p| < m)

A o o PPN
Sp = > eleu x (agsaw, + bgsbw,) + O(lp|/m). (13)

s,s’

The relativistic modes with |p| & O(m) are more complicated because of mixing

between the spin and the orbital angular momentum.

Hint: Approximate u(p,s) ~ u(0,s) and v(—p,s) =~ v(0,s) for small |p| < m, and
use 1 = 02,
In particle terms, eqs. (8)—(13) mean that the fermionic operator dLS creates and ap g
annihilates an electron with momentum p, energy Ep = ++/m?2 + p2, spin = % and spin
state &g, and electric charge = —e, while operator ZA)L s creates and I;p7 s annihilates a positron

with exactly the same momentum, energy, spin and spin state, but electric charge = +e.



