QED Vertex Correction: Working through the Algebra

At the one-loop level of QED, the 1PI vertex correction comes from a single Feynman

diagram
(1)
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where
NF = A"(f+ ¥ +m)y ((+p+m)y (3)
and
D = [k* +i0] x [(p+ k)2 —m? +i0] x [(p/ + k)? — m?* +0). (4)

Using Feynman parameter trick, we re-write the denominator as

% :/]/dxdydz5(a:+y+2—1) : ’
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p+k)2—m?) + y((p' +k)? —m?) + 2(k?) + i0
(5)



and then expand
(0 + k)% —m?) + y((0 + k)2 —m?) + 2() = 2 — A (6)

where

(= k+ap+ yp (7)

and
A = (ap+yp)? + z(m®—p?) + ym? —p?) = (1-2)’m® — 2yg® ((on shell)) (8)

Therefore
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and now we need to simplify the numerator (3) in the context of this monstrous integral.

The first step is obvious: Let us get rid of the 4" and -, factors using the v matrix algebra,
eqg, V¥ dy, = —2 g, etc.. However, in order to allow for the dimensional regularization, we
need to re-work the algebra for an arbitrary spacetime dimension D where vy, = D # 4.

Consequently,
Vi = =24 + (4— D),
V'l = 4(ab) — (4—D)dV, (10)
VdYin = =2¢Yd + (4—D)dl¢,

and therefore

N# = —2m®y# 4 dm(p' +p+2k)" — 206+ )y (F+ K) + (4= D)+ K —m)y" (h+ f—m).
(11)
Next, we re-express the right hand side here in terms of the Feynman’s loop momentum ¢

rather than k using eq. (7). Expanding the result in powers of ¢, we get quadratic, linear and



(~independent terms, but the linear terms fo not contribute to the [ dP ¢ integral because they
are odd with respect to £ — —/ while everything else in that integral is even. Consequently,
in the context of eq. (9), we may neglect the linear terms, thus
NE = —om?y 4 dm(p +p' — 2xp — 2yp) ¥

— 2 = 2 —ap—y )V W —ap—y )

+ @-D)' + A=-D)¢ —y¥ —ap-m) " P —ap-yy —m)

= —2m** 4 dmz(p' +p)! + Am(z —y)g* — (D —2) Y
=20/ + (@ - P+ (1 -y)d)
+ @=D)zf +ad—m)V (z¥—yd—m)

where the second equality here follows from p’ —p=qand z +y + 2 = 1.

(12)

Now, let make use of the external fermions being on-shell. This means more than just

2 2

p? = p'? = m?: Effectively, we sandwich the vertex iel' between Dirac spinors @(p’) on
the left and u(p) on the right. The two spinors satisfy the appropriate Dirac equations, and
hence any term in T'* somethingx # is equivalent to same thing x m because pu(p) = mu(p),
and likewise any term of the form p' x something is equivalent to m x same thing because

a(p') ¥ = u(p)m. Consequently, the terms on the last two lines of eq. (12) are equivalent to
EP+@-DDy" P+ 0=y = Gm+ @ -1 (m+1-y)d
P +ad-—m)V (zp—yd—m) = ((z=Dm+azgf)y"((z = m—yd).

Let us combine these two expressions with respective coefficients —2 and 4 — D (c¢f. eq. (12))

(13)

and group similar terms together. Making use of
" = ¢ + ioc"q, and ¢ = ¢* — ic"q,, (14)

we obtain



and hence

NP2 (D=2 ) + dmap) +p)"
4 mix (<2- 222 4 (1= D)(1 - 27
< (20— 2)(1—y) (4~ D))

+ mgh x (:p—y)<4—22—(4—D)(1—z)>

+ imo™q, x (2,2(2 -y~ (4— D)1 -2z + y)>.

Furthermore, in the context of the Dirac sandwich @(p’)["*u(p) we have
d = 20" — = =y
because @(p') gu(p) = 0, and also the Gordon identity
(P +p)H = 2my* — iotq,.
Therefore, re-grouping terms and making use of x + y + z = 1, we obtain

N = (D= 2) pyf = mPy x (20 -4z + %) = (4= D)(1 - 2)?)

(16)

(17)

— " x (2(2 +xy) — (4 — D)xy) — imotq, x (1 — 2) <22 +4-D)(1- Z))

+ mgt x (x—y)<4—22—(4—D)(1—z)>.

(19)

To further simplify this expression, let us go back to the symmetries of the integral (9).

The integral over the Feynman parameters, the integral [ dP¢, and the denominator [I2 — A]
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are all invariant under the parameter exchange = < y. In eq. (19) for the numerator, the first

two lines are invariant under this symmetry, but the last line changes sign. Consequently,

only the first two lines contribute to the integral (9) while the third line integrates to zero

and may be disregarded.



Finally, thanks to the Lorentz invariance of the [ dP¢ integral,

€2
0Hl, = —, 20
A I X D (20)
and hence
A A (2 2
W = M x bl = Y g 5 = —(D =20 x 5 (21)

Plugging this formula into eq. (19) and grouping terms according to their y—matrix structure,

we arrive at

io"qy

NE = Ny x4 — N x G- (22)
where
o2
N = %ﬁ — 21 —4z+ 2 )m? — 2(z + 2y)?
+ (4= D)((1 = 2)’m* + ayg®), (23)
No =2 4z(1 — z)m? + 2(4— D)(1 — 2)*m?>. (24)

Note that splitting the numerator according to eq. (22) is particularly convenient for calcu-

lating the electron’s form factors:

1loop, 2 1loop, 2 il q,
Flllloop = Fl p(q ) X ’7“ + F2 p(q ) X Wo (25)
1 dPe N
F“OOp(qQ) = —2e? ///dx dydzé(x+y+2—1) / ! , (26)
! . (2m)P (2 — A + 0]
1 dPe N
F“O(’p(qz) = 12ie? ///dx dydzdé(rx+y+2z—1) / 2 , (27)
2 2m)P [z — A + 0]
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