PHY-396 K. Solutions for problem set #1.

Problem 1(a):
Let ATH = 9,KMIY. Regardless of the specific form of the MY (¢, 0¢) tensor, its anti-

symmetry with respect to its first two indices implies
O ATH = 9,0\ KM = ¢ (S.1)
and hence the first eq. (3). Furthermore,

/d3x (ATY = 9,K™) = f d*Area; K" — 0 (S.2)

boundary
of space

when the integral is taken over the whole space, hence the second eq. (3).

Problem 1(b):
In the Noether’s formula (1) for the stress-energy tensor, ¢, stand for the independent fields,
however labeled. In the electromagnetic case, the independent fields are components of the

4—vector Ay(z), hence

oL
T (EM) = —Y=__ §"Ay — "' [
Nowtner M) = 55 705 O 53)

= —FMO"Ay + 19" FopF™,

While the second term here is clearly both gauge invariant and symmetric in p < v, the first

term is neither.

Problem 1(c):
Clearly, one can easily restore both symmetry and gauge invariance of the electromagnetic

stress-energy tensor by replacing 0YAy in eq. (S.3) with F%, hence eq. (5). The correction



amounts to
ATHW = TH Tk

true Noether

— _PR(FY — Ay = —0yAY)) (S.4)
— 0, <F“)‘A”> — A (aw*”)

where the last term on the right hand side vanishes for the free electromagnetic field (which

satisfies Oy F#* = 0). Consequently,

T = TH e + KM where KMV = FFrAY = —CHV (S.5)

in perfect agreement with eq. (2).

Problem 1(d):
As explained in class, the Lagrangian £ = —%lFH/\F”/\ = %(E2 — B?). Combining this fact
with eq. (5), we have the energy density

H=1T"=-F"FY - £ = +E* - }(E*-B? = }(E*+B? (S.6)

in agreement with the standard electromagnetic formulee (note the ¢ = 1, rationalized units

here). Likewise, the energy flux and the momentum density are
0 0 0imi N ik ok ki ok :
St =T" =T" = —-FVF, = —(=F)(""B") = +""E'B" = (ExB)", (5.7)

in agreement with the Poynting vector S = E x B (again, in the ¢ = 1, rationalized units).

Finally, the (3-dimensional) stress tensor is

= —F'EJ + ¢Mptatmpm 4 154 (E? — B?) (S.8)
= —E'EY — B'BI + 15V (E* + B?).



Problem 2(a):
In a sense, eq. (7) follows from eq. (S.4), but it is just as easy to derive it directly from Maxwell

equations. Starting with eq. (5), we immediately have

OuThyy = —(0uFF)FY — FFY0,F%) + $Fo\(0"F™). (S.9)

Using the antisymmetry F#* = —FM we rewrite the second term on the right hand side as
— FFQ,FY = +F\O"'FY = +F, 0 F"" = 1F,\(0*F"" + 0" FY) = —L1F,\(0"F")
(S.10)

where the last equality follows from the homogeneous Maxwell equation OMFVH + GHFA +
9V F* = (. Consequently, the second and the third terms on the right hand side of eq. (S.9)

cancel each other and we are left with the first term only. Thus,
Tl = —(OuF") I .= — J'FY (S-11)

where the second equality comes from the in-homogeneous Maxwell equation 0,F A = JA,

This proves eq. (7), and eq. (8) follows from that and eq. (6). Q.£.D.

Problem 2(b):

The covariant derivatives in the Lagrangian (9) hide the A, dependence:

oD, ® oD, o*

o, = iq®d} and oA, = —igd*ol, (S.12)
and therefore
oL oL
(Lt DN, —igd* = —ig®DHP* q®* DF®. 1
/ oA, ~ "% T T aper M o (5813)

Thanks to the covariance of the derivative D* this current is gauge invariant:

®(z) — @ P(z), DFP(z) — @) DEP (1),
. , = JH(z) — JH¥(z). (S.14)
*(z) — e @) P* (), DFO*(z) — e 9@ DI* (1)

Q.£D.



Problem 2(c):
As discussed in class, the equations of motions for the scalar fields ® and ®* can be written

in gauge invariant form as
D,D'®d = —m*® and D,DFD* = —m?d*. (S.15)

Consequently,
®*(D,D*®) — &(D,D"®*) = 0, (S.16)
which in turn leads to conservation of the electric current (S.13):

0,(D*DF®) = D, (®*DFP) = (D,®*)(D'®) + &*(D,D"d),

(S5.17)
0,(DDID*) = D, (dD"D*) = (D,®)(D"®*) + & (D, DID*),
and therefore
9 It = —igd,(®*DID) + igd,(DDID*) S8
18
= —iq®* D, D'® + iqP D,D'd* = 0.
Problem 2(d):
According to the Noether theorem (1),
oL oL oL
U = —— 0"A)\ + 0P + ————— 00" — ¢g"' L
Noether 0(0uAN) 0(0,9P) 0(0,9*) (S.19)

_ v
- TNoether(EM) + TNoether(matter)

where T ., ..(EM) is exactly as in eq. (S.3) for free EM fields and

TLY e (matter) = DFO*0"d + DHDJD* — g (D ®* D\ — m*d* D). (5.20)

Both terms on the second line of eq. (S.19) lack p <> v symmetry and gauge invariance and

My — FrA AV we used to improve the free

thus need corrections & la (2). In fact, the same Kl
electromagnetic stress-energy tensor will now improve both the Thy; and T),., at the same

time!



Indeed, to improve the scalar fields’ stress-energy tensor we need

ATster = Tire(matter) — Y0, (matter)
= D'O*(D"® — 9®) + DIB(D"D* — 0" P¥)
= D'd*(igA”®) + DFd(—igA” ) (S.21)
= —A"(ig®* D' — igdDFDY)
= —AVJH,

while the improvement of the EM stress-energy requires (cf. eq. (S.4))
AT, = oy (Frar) + A (—o P = +gm). (S.22)
Altogether, to symmetrize the whole stress-energy tensor, we need

true Noether

AT = TH (total) — T . (total) = Oy (F/MAV = /CMV).
Q.£.D.

Problem 2(e):
Because the fields ®(z) and ®*(z) have opposite electric charges, their product is neutral and
therefore 0,(®*®) = D, (®*®) = (D, 9*)® + ®*(D,®). Similarly,
9, (D7) (D"®)) = (D,D'e%) (DY®) + (D"®") (D,D"®)
(S.23)
= —m?®* (D'®) + (D,®*) (D' D'® + iqF"®)

where we have applied the field equation (DMD“ + m2)<I>*($) = 0 to the first term on the
right hand side and used eq. (14) to expand the second term. Likewise,

0, ((D'®) (D'®*)) = (D,DF®) (DY) + (D'®) (D,D"®")

(S.24)
= —m?® (D"®*) + (D,®) (D" DFO* — igFM &*)
and
Oy [—gW (D@* Do — m? @*@)} — (D@* DNI)) A )
= —(D"D"®7) (Du®) — (D,®%) (DYD"®)
+ m2® (DV®*) + m*®* (D'D).
(S.25)

Together, the left hand sides of eqgs. (S.23), (S.24) and (S.25) comprise 9, T, — cf. eq. (12).



On the other hand, combining the right hand sides of these three equations results in massive

cancellation of all terms except those containing the gauge field strength tensor F*¥. Thus,

OuThe, = (Du®*) (igF"™®) + (Du®) (—igF" ®*)
= P (ig® Dy®" — iq®" D, P) (S.26)
— P,

Q.ED.



