PHY-396 K. Solutions for problem set #3.

Problem 1(a):
First, let us verify eq. (4) for a wave function W(xy,...,xy) of the form (3), that is, for the
quantum state |N,¥) = |aq,...,an) = |{ng}). Let us define ¥/(xy,...,xy_1) according to

eq. (3). Using orthonormality of the 1-particle wave functions ¢g(x), we have

VN .
U'(x1,...,Xy_1) = \/C:/d3XN PEEN) XY pa, (x1) X - X pay (x)

(61,0 )
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which leads to two distinct situations according to the n.:
(A) For n, = 0 none of the a4, ..., ay equals v, hence for any permutation (&1,...,4y_1,ay)
we have &, # v. Consequently, every term in the sum (S.1) vanishes and therefore ¥/ = 0. At

the same time, dy [{ng}) = 0 for n, = 0, and therefore

(N =1),¥") = 0 = a,|{ng}). (S.2)

(B) On the other hand, for n, > 0 we have ‘{nﬁ}> = |a1, NN T 7>, and permutations with

&y = ay = 7 do contribute to the sum (S.1). Note that we sum over distinct permutations of

(ay,...,ay) only, so even if some of the «,...,a,_; are also equal to v, restricting the sum
to permutations (&1, ..., &y _q, 0y ) With &y = v is equivalent to fixing &, = a,; and summing
over the permutations (aq,...,dy_;) of the (ay,...,ap_;). Thus,

VN
JXN-1) = T > va,(x1)pa,  (xy-1)- (S.3)
Q15O distinct permutations

(551,.4.,6(]\/,1) Of (al,...,aNfl)

\If/(Xl, e

Comparing this expression to eq. (3) for N = N — 1, we immediately see that except for

the overall normalization, ¥'(x1,...,xy_1) is the wave function of the (N — 1) particle state



aq,. .. 7O‘N—1>' Specifically,

VN T
|(N — 1)7 \I//> = e X Ca1:--'7aN—1 X |O[1, cee aOéN71>
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To fix the normalization factor, remember that Cy, .. o, is the number of distinct permutations

N

of the (ay,...,ay), which is equal to the number of all permutations divided by the number of

trivial permutations of identical a’s. In terms of the occupation numbers,

N!
C = S.5
Qe Hﬁ nﬁ' ( )
Likewise,
(v -1t

C = S.6
Qpyeey Xy g Hﬂ n/ﬂ' ( )

where n’ﬁ =ng — 0g~. Consequently,
Oal,...,al\Fl _ (N —‘1)! % nW! ' _ E, (87)

Oal,...7aN_1,aN N! (717 — 1). N

and therefore in eq. (S.4) the numerical factors cancel out and
(N —1),¥") = a [{ns}). (S.8)
Altogether, combining egs. (S.2) and (S.8), we find that
VIU) = |og,...,an) : |¥) = a,|0). (S.9)

By linearity of eq. (4) it follows that |¥’) = G |¥) for any linear combination of the |y, ..., ay)

states. As we saw in class, such states form a complete basis of the N-boson Hilbert space,



therefore

‘\D/> = d’y ‘\Ij> v ’\D> € 7_(Nbosons . Q(S”D

Problem 1(b):
We can prove eq. (5) directly from egs. (1) and (3), but it is easier to use eq. (4) and the fact

that the creation operators are hermitian conjugate to the annihilation operators. Thus, for any

N particle state | N, ¥) and any (N + 1) particle state ‘(N +1), \TJ>,

<(N+1),\If

ol [N, W) = <N,@\&7‘(N+1),\p> , (S.10)
or in wave-function terms,

/- : -/d3X1 XN U X)) XX, Xvg)

—/-~-/d3X1--~XN\II(X1,...,XN) X E’/*(Xl,...,XN)
{(according to eq. (4)))

/ /d3x1 Xy U(xy,...,XN) X (S.11)

\/N /d XN+1¢7(XN+1) \I/*(Xl,...,XN,XN_H)

= /---/d3X1"'XN+1 ‘T/*(Xl,--wXNH) X
X [\/N+ Loy (xn41) ¥(x1,...,XN)

If this equality were to hold true for any (N + 1) wave function \Tl(xl, .., XN+1), it would imply
U (x1,. .0 xN41) = VN4 Loy (xys1) U(x1,. .., XN). (S5.12)

However, we have proved eq. (S.11) only for the bosonic wave functions, thus only for the totally-

symmetric \Tl(xl, ..., Xn+1)- Consequently, instead of eq. (S.12) we have
totally symmetrized

V' (x1, ... xne1) = VN 11 %(XNH)\IJ(XL...,XN)] . (S.13)

with respect to Xi,...,.Xn+1

In principle, the total symmetrization here amounts to averaging over all (/N + 1)! permutations

of the (x1,...,Xn41), but because ¥(xy,...,xy) is already totally symmetric with respect to



the first IV particles, it is enough to average over N + 1 distinct terms only. Thus,

vN+1
\I///(Xl, - >XN—|—1) = N1l Z;N-‘r 190(Xi) X \I/(Xl, e Xiy e -XN—H)' (5)
1=

Q.ED.

Problem 1(c):
First, consider a one-body linear operator of the form O = |a) (8]. The matrix elements of this

operator between generic one-particle wave functions ¥;(x) and Wo(x) are given by

(W1]082) = (Wifa) (81T2) = [dx [EX Wixea(Ies)T0).  (514)

)

Consequently, in the first-quantized formalism, the matrix elements of the Otot operator between

the N-boson quantum states (N, ¥;| and |N, ¥3) are given by

(N, 01| O [N, W3) =
N
= Z /d3X1 . -/dSXN/d?’x; (XL, Xy XN) 00 (X)) (X7) Ua (X1, o X, X)
1=1

— N/d3x1 . ./d?’xN/d?’x?V UI(X1, - XN-1, XN) 00 (XN) 05 (X ) Wa(X1, ..., XN _1, Xy)

= /d3X1 . '/dng—l \Ifll*(xl, e aXN—l) \Ifé(xl, c. aXN—l)
(S.15)

where the second equality follows from the total symmetry of the wave functions ¥, and Wy, and
on the last line, the (N — 1)-particle wave functions Wi 5(x1,...,Xxy—1) are defined according to
eq. (4) (but using aq instead of a, for the ¥} and a; for the W). In light of problem (a), this

means

(N, Wy | O IN, Wg) = (N = 1), W) |(N — 1), 0) = (N, U] afag N, W) (S.16)

On the other hand, in the second quantized formalism Oégz is simply dL&ﬁ, thus according to



eq. (S.16),
(N, 01| O IN, W) = (N, 01| O%) [N, W) for any (N,U1] and [N, Ws).  (S.17)

Now we need to extend this result to generic one-body operators. Fortunately, any operator
Aj in the one-particle Hilbert space can be decomposed as A; = >apla) Aa g (Bl where A, 5

are the matrix elements (| Ay |3). The definition (6) of first-quantized flgéz of N particles is

obviously linear with respect to the Ay, thus

i particle

N
A =3 Aap > (1) 481) (S.18)
a,f =1

and therefore, thanks to eq. (S.17),

(N, U ALY IN o) = 37 Ag g (N, W1|ahay [N, W) = (N, Uy AD) [N, Wa).  Q.E.D.
o.f

Problem 1(d):
Again, we start with a particularly simple 2-body operator Oz = (|a) ® [6))({y| ® (d]) which acts

on two-particle wave functions according to

(2,0, Oy |2, W) — / d*xy / s W (x1, x2) b (x1)65(x2) (S.19)

X /d3YI/dSY2 05 (x1)B5(x2) Va(x1, X2).

(1)

Consequently, the first-quantized Otot operator constructed according to eq. (9) acts in the N-



boson Hilbert space as
4(1)
<N7\P1’Otot |N N4 > =

= 1 Z/dgxl .../d3xN WT(X1s ey Xiy ooy X, XN) 9 (X)) P5(X5) X
i#]

/d3 '/d?’x’qb7 o5 (x )\112()(1,..., i ..,X;',...,XN)
N(N
= <T/d3><1 = /d3XN‘If (X1, XN-2, XN—1, XN )P (XN-1)P5(XN) ¥
X /d3x'N_1/d3x§V O (XN-1)05 (XN ) Vo (X1, ..., XN_2, X1, X}y)

== %/d3X1 t '/d3XN_2 \I’/ll*(Xl, . ,XN_Q) ‘Ilg(xl, e ,XN_Q)
(S.20)

where again the second equality follows from the total symmetry of the bosonic wave functions,

primel*

and where on the the last line \If‘ and W) are (N — 2) particle wave functions constructed

according to

U (xq,...,xy_2) = VNN —1) /dBXN_l/d?’XN Ui(x1,. . XN) P (XN-1) @ (XN ), (S.21)
Uh(x1,...,xy-2) = VN(N—1) /dBXN_l/dSXN @ (XN -1)p5 (XN )Wa(x1, .-, xN). (S.22)

Notice that the double integral in eq. (S.22) is precisely the integral of eq. (4) applied twice, thus

in Fock-space notations
(N —2),¥5) = a,d5|N,s). (S.23)

As to eq. (S.21), it looks like the complex conjugate of eq. (S.22), hence in Fock-space notations
(N =2), 9| = (N, U] a}a;. (S.24)

Putting this all together, we arrive at
(N, U1 O] [N, Ws) = L (N, W] afala,as|N,Ws)  for Oz = (Ja) @ |8))((7] ® (8]). (S.25)

To extend this result to a general two-body operator Bg, we use matrix-element decomposition



in the two-distinct-particle Hilbert space:

By = 5 Y Bapys(|o)@18)((v1®(0]) where Bo s = ((a| @ (3))Ba(l7) @16)). (S.26)
a,B,7,0

Consequently, similarly to eq. (S.18), the first-quantized form of Siot can be written as

ét(ég B % Z Ba,ﬁ,%d Z<|a> <’y’>zt—h particle 8 (‘ﬁ> <5’)]“’ paurticle7 (827)

,3,7,6 i#j

and therefore

A1 At AT A A (2
(N U1 BO N, W) = 5 57 Bagosx (N, 0| ahabaa; [N, W) = (N, 01| BE) N, )

aa/67’Y75
Q.ED.
Problem 2(a):
This is a simple exercise of the Leibniz rule for commutators:
[dTa&@&M = [&L>&L]A5 + AL[&@&M =0+ &245[5’77 - 5@’7&&7
[d:&d@%] = [&L7d5]&ﬂ + &L[d@%] = _5a75&g + 0 = _5a,6dﬁ; (S.28)
lalag, alas) = lahag allas + allalag, a,a5) = 0pyafas — dasiliy.
Problem 2(b):
Given
7 (2 i At A
A =3 (ol A1) dla, (3.29)
o,
and
BE =" (1 B9y alay, (S.30)
v,6



we immediately have

(A2 B2 = 32 (I Av18) (1] Bu1d) [akag, ala,]
a,B,7,0

{(using (S.28)))
= Y (ol 1) (o1 Bu1a) (sasibity — dusily)

a,B,7,0

= abay x> (al Ay (v Bilo) =Y alagx Y (1 Bile) (ol Ai|8)
a,d B=y By a=4

= akag (o] A1B1|5) Za (7] B141 |8)
a,d

{((renaming summation 1ndlces>>

=3 iy < ((ol 41B118) ~ (ol B |9))

—Z ahay x (ol (1A, B = C1) 18) = C).

(S.31)
Problem 2(c):
Again, we apply the Leibniz rule:
lafa,,alabaas) = [afa,,allaba,as + allala,. al)a,as + alallala,, a))as + alaka, (ala, . as)
= Oyalaly, i + 0,508a0a0., a5 — 040l ala, a5 — 0u5alaka,a,
(S.32)
Problem 2(d):
In the Fock space,
~(2 N At oA
Al = 3" (ul Ay ) afa, (7)
unu
and
(2 A At AT A A
B = 1Y (a®@ B Baly@0) alala,as, (10)

0{7/8”}/76

where (o ® | is a short-hand for the un-symmetrized two-particle wave function ({«a| ® (3|) and



likewise |y ® 0) = (]v) ®|d)). Therefore,

~(2) »(2 - ~ S
AZLBE) = 5 > (wlAiv) (a® Bl By |y ©6) [afa,. alaka,a,)
V50, 3,7,0
{(using eq. (S.32)))

13,750 v
+ 3 Y ahahads x Y {(ul Ay) (@@ v| B2y 9)
e (S.33)
- 3 Z ahaha, a5 x Y (o @ B Ba|p @ 6) (u] A1 [v)
I
Z aa ﬁ 7@ x Z<O‘®6’B2 |y @ p) <M|A1|V>
By, Iz
{(renaming summation indices))
- 2 Z Aoy ﬁ fya(s X Ca,ﬁ,%é,
,3,7,0
where
Capro =Y _(al AN (A@B| B2y ®@6) + > (Bl A1|A) (a ® A| B2 |y @ 6)
A A
— Y (a@8 B @d) NAihy) = Y (a@b|Baly@X) (\lAi5)
A A
— (@8l (Ai1N)By + A@EM)By — BAi(1%) — B (22)) |y @ 4)
= (e@al[(Ai2M) + Ai(2M)), By ©0) = (0@ Caly©d).
(S.34)
Consequently, [Agiz, Eégg} = C’t(gt) Q.E.D.
Problem 3(a):
Use product-of-exponentials formula
VA B: AP — exp(A+ B+ §A B] + Hl(A—B),[A,B] + ). (S.35)
In particular, for A = ¢af, B = ¢*a and [A, B] = £¢* being a c-number,
P ( ot %fgg*)  exactly, (S.36)

©



and therefore

€) 4 T gy lP/28 o) ol /28T ) (S.37)

(Note e~€7% |0) = |0) since @ |0) = 0.)
Next, [a,a!] = 1 implies that for any function f(a!), [a, f(al)] = f/(a). In particular,
[&,e‘gdf] = &5 or in other words, (a — f)eng — €54 and hence (@ — &) &) x €'y |0) = 0.

Q.ED.

Problem 3(b):
For any normal-ordered product of creation and annihilation operators — i.e., a product in which

all creation operators are to the right of all annihilation operators — one has (£| (a")¥(a)t |¢) =
(€°)F€", simply because @ [¢) = ¢[¢) and (¢]al = €* (¢]. In particular, (¢| (72 = ala) [¢) = €*¢.
On the other hand,

n? = dlaa’a = alalaa + ala = (¢)a%|e) = (€)% + ¢¢ = a2 +a (S.38)

hence An = /(n?) — n? = /n.

In a similar manner,

i = \g—(atih), @ = o (@ + @+ 1) =
ER18 = 5 —(E+EP+1) = (Eale)? + 5 —
and likewise
€l = T (g + i 1) = (Elple? + T,
thus
Ag = % Ap:\/@, Aqu:g. (S.39)
Q.ED.

10



Problem 3(c):
In the Schrodinger picture, a' is time independent, hence (d/ clzf)eé‘iT = (d¢/ dt)&Tede. Using time

independence of the magnitude |£], we then have

1d
——ngd

cq dale) = —iwala [¢) (S.40)

d _1€12/2 cat d¢
o (e = TP 0)) = S afjg) =
where the last equality comes from £(t) = &ye™™t. In other words,

L d At ~
ih— [€(t)) = hwila |E(t) = HIE®D)) - (S.41)
Q.E.D.
Problem 3(d):
In question 3(a) we saw that [, al] = 1 implies efi'g = (a— f)eé‘iT for any c-number £. Iterating

this identity gives us eSa’ fla)=fla—¢ )65&T for any function f(a) of the annihilation operator,

and in particular

el ena (@) Lol L en’a (ga (S.42)
Consequently, the quantum overlap of the coherent states |€) and (n] is

(nlg) = e Inl*/2e1el/2 <0,en*de£d* 10)
= o IP/271EF/20=m7E (o] eEaTen" ) (S.43)

= exp (—glnf* — 3l¢* —n"¢) x 1

because e @ |0) = |0), (0] efi' — (0] and (0|0) = 1. In terms of the probability overlap,

(nle)? = e"In=¢F, (S.44)

11



Problem 3(e):
Generalization of coherent states to multi-oscillatory systems and further to the creation / an-

nihilation fields is completely straightforward:
|coherent) aof eXp(FT — F) 0) = e N/2 F! |0) (S.45)

where

F1o= gl — ) Gal, — [dPxo(x) ¥ (x). (S.46)
«
Similar to the single-oscillator theory, (\i/(x) — q)(x))eﬁ i T\iﬁ(x), hence
U(x)[®) = B(x)|D). (S.47)

Problem 3(f):

Using eq. (S.47) and its hermitian conjugate, we have
(@ W (xr) - W () U (y) - () [B) = D¥(x1) -+ - @ (xp)P(y1) - Dye) (5.48)

for any normal-ordered product of the quantum fields. Specifically, for the particle-number

operator N we have eq. (12), while for its square — whose normal-ordered form

N? = //d3xd3y@T(x)xiﬁ(y)@(x)\if(y) + /d3x@f(x)xi:(x) (S.49)

generalizes eq. (S.38) — we have

@18210) = [[Exdly 000 ()B0) + [Exe(06) = (©]F]0) + (@] F[0).
(S.50)
and hence AN = \/ﬁ, Q.£.D.

12



Problem 3(g):
First of all, if ®(x,t) satisfies the classical field equation — which looks exactly like a one-particle
Schrodinger equation — then N remains constant. (This is undergraduate-level QM.) Also, in

the Schrodinger picture of the QFT,

: ot ) A
ieFT — dieFT = |:/d3X aQ)(X’ t) \I]T(X):| eFT (851)

dt dt ot

thanks to mutual commutativity of the creation fields. Consequently, exactly as in question (c),

m% (\q>> = e~ N/2F \0)) - [/dg'xih% \@T(X)} |®)

((using the classical field equation for ®))

_ 2 )
= | [&x | —=V?+V(x) | ®(x) IT(x)| |
/ <2M ) eeoueolle)
fusing eq. (14))
R —h? )
_ 3 1 A v 2
/d X 0 (x) (2Mv + V(x)> (x| @)
= H|®)
Q.ED.
Problem 3(h):
Generalizing (d) to multi-oscillatory systems is completely straightforward:
) = TTe ™" = exp (=Y lea = nal?)
or for the field theory,
e = exp ( [ 8100 - 220 ) ($58)

which is exponentially small for any macroscopic §®(x) = ®1(z) — P2(x). Indeed, a macroscopic
difference between two coherent states means (by definition) that 6@ affects a large number of

particles, [ |[§®]% > 1 and hence an exponentially tiny overlap (S.53).
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