PHY-396 K. Solutions for problem set #4.

Problem 1(a):

The linear sigma model has scalar potential

Any local minimum of this potential satisfies

oV A
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and B = 5(02—1-1[2—]‘"2) xo — ([ =0,
which together imply 7 = 0 while o satisfies a cubic equation
20
o(o® - f?) — S 0. (S.3)
For small 3 > 0 this equation has three real solutions, namely
23 154 3
Furthermore, at 7 = 0 the second derivatives of the potential are
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which means that the stationary point oy is the local maximum of V' (o, 7), the stationary point
oo is a saddle point, and only the o3 is a minimum. In other words, V (o, 7) has a unique

minimum at 7 = 0,0 = 03, exactly as in eq. (2). Q.£.D.



Problem 1(b):
Let us shift the o field by its vacuum expectation value o(x) = (o) +&(x). Expanding the scalar

potential into powers of the 7 and ¢ fields, we have

Viz.a) = (2 + (@) +0) — 1) ~ Bllo) +2)

~ 8 (S.6)

= const + Vo + V3 + 1}
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and the last equality follows from eq. (S.2) for the (o). Consequently, we expand the while

Lagrangian into powers of 7(z) and &(z) and write
L = Lyee + Ling + const (S.8)

where

Efree - Ekin - ‘/Q(E75’)

i 3 Ao\ 3 (S.9)
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describes the free 7 and ¢ fields, and
Lint = —Va(m,6) — Vi(m,a) (S.10)

describes their interactions. The particles” masses follow from the quadratic Lagrangian (S.9):
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o) Q.ED.
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and M? = M? + Mo)* =~ \f? > M2,
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Problem 2(a):

Combining definitions (4) with commutation relations (3), we immediately calculate
by, by] = cosh(ty) sinh(ti)dy v — sinh(ti) cosh(tiw)d i = 0 (S.11)
where the second equality follows from ty = t) for k = —k’. Likewise, [I;L, I;L,] = 0. Finally,

b ,I; | = cosh(ty) cosh(ty )0k — sinh(t_y)sinh(t_y/)0_y s
k> "k ) k k,—k

(S.12)
= Ok K (COSh2<tk) — sinhQ(tk) = 1).
In other words, the l;k and I;L operators satisfy the same bosonic commutations relations
b, b] = 0, L bl] =0, [b,bl) = Gk (S.13)

as the original a, and d;r{ operators. Q.£.D.

Problem 2(b):

A straightforward calculation shows that
Zwklsltl;k = Zwk cosh(th)le{dk + %Zwk sinh(2ty) (d};dik + &7kdk> + const. (S.14)
k k k

Therefore, the Hamiltonian (5) can be “diagonalized” in terms of the transformed creation /

annihilation operators (4) if and only if we can solve for wy and #yx such that
wg cosh(2ty) = Ax and wysinh(2ty) = By. (S.15)
The latter equations are solvable whenever Ay > |Bg| and the solution is

1 B
e = —artanh—= and wy = \ A — BE. (S.16)
2 Ay

Q.ED.



Problem 2(c):
In terms of the momentum modes a, and ELL of the shifted fields $(x) and ¢f(x), the free

Hamiltonian (8) becomes
A k2 - An (. T
Hfree = ; [(m + )\n) O’Icak + 7 <aka7k + aTkaTkﬂ . (817)

This Hamiltonian has form (5) in term of the shifted annihilation and creation operators @, =
ay + vV Ny, o and EI,L = dlt + V Ny 0, which obviously satisfy the same bosonic commutation
relations as the un-shifted operators a, and a, . Therefore, we may diagonalize this Hamiltonian

by means of the Bogolyubov transform

Z;k = cosh(tk) X @, + sinh(ty) x ELT_k, -

bl = cosh(ty) x aj. + sinh(ty) X a_,,

for suitable parameters t), = t_y. Specifically, according to eqs. (S.16), we let

1 n 1 A InM
tk = §artanhk_2—+>\n = Z__llog <1 -+ k2 ) 5 (SlS)
2M
and then the free Hamiltonian (S.17) takes form (9) for
K2 2 2 \n K2

Q.ED.

Problem 2(x):

The key to this exercise is the multiple commutator formula: For any two operators F and G,

b g <1 . A
+F *FZE:—FWF B
€ Ge n' [ ) [ ;G] ]n times (819)

Now, let F be as in eq. (11) and let G be one of the {y, Or &Zp. The simple commutators [F, G]



follow directly from the bosonic commutation relations:

A

[F.a]) = ta ,  and [F,al] = ha_, . (S.20)

Consequently,
. L n a,  for even n,
[Fy - [Foay] - ]n times = (t)™ X p (S.21)
a', for odd n,
and therefore eq. (S.19) yields
I ()" - ()"
e’ ae = Z o xak—i—z oy X a_y
even n odd n S 22)
= cosh(tx) x @, + sinh(tyx) x ELT_k (5.
.
And since F is anti-Hermitian, we also have
+Eot —F I A
e ae T = (e ay e ) = b, (S.23)

and hence the bosonic commutation relations (S.13) follow from the relations (3) via unitary

equivalence (S.22) and (S.23).

Finally, for the quantum state |Q2) = e+t |coh) we have
l;k\92> = (6+F&k€_p) <6+F\coh>> = tF x ay |coh) = 0

because @, |coh) = 0 for all momenta k. Therefore, from the point of view of quasi-particles

created by the ISL operators and annihilated by the l;k, the |Q9) is the vacuum state.



Problem 2(d):

In terms of atomic creation and annihilation operators

Pt = Y kxafa = > kxala,, (S.24)
k k0
hence
P, al] = +kxal  and  [Pior,dy] = —k X . (S.25)

Consequently, for any ¢ty coefficients, the Bogolyubov-transformed operators (4) operators satisfy
Piot, bf] = +kx bl and  [Pir,b] = —k x b, (S.26)

which means that the quasiparticle created by the I;L operator and annihilated by the I;k has

definite momentum k.

Also, straightforward algebra shows that for any k # 0 and ), = t_y
bib, — b b = ala, —al,a. (S.27)

Consequently,

ptot = Z k x ELLELk
k#0

k/ s b
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k£0
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k£0

= S kx by
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(S.28)

In other words, the total mechanical momentum of the superfluid helium is simply the net

momentum of all the quasi-particles.



Problem 2(e):

Combining egs. (S.18) and (4) we immediately see that for large momenta k,

N nM

ko < 1 = cosh(ty) = 1, sinh(ty) =~ tx < 1, (S.29)
and therefore
b~ al + ha_, ~ a = al . (S.30)

Thus, quasi-particles with large momenta are approximately atoms.

On the other hand, for small momenta k (but k # 0),

1. 4xnM AAnM
hex Jlog =5 > 1= cosh(),~ sinh(h) ~ Je'* = Fi/ 5= > 1 (83D

A-i- ~ 1 4)\”M ~-i- -
bk ~ 5\4[ T X (ak + a,_k> . (832)

At the same time, the density fluctuations in the superfluid are measured by the operators

and therefore

bnx) = Wb — () = Vi) (610 + o) + Pl (8.33)

Approximating this formula by its leading first-order terms and then taking a Fourier transform,

we find

b ~ i (@ + ) (S.34)

Hence, the physical meaning of eq. (S.32) is
for small k, I;L ~ (coeff) x %k, (S.35)

or in other words, for small momenta, the quasiparticle created by the ISL operator is the density

wave in the superfluid, i.e. a phonon.



Problem 3(f):
Non-relativistic mechanics — classical or quantum — is invariant under Galilean boosts, which

act on coordinates, momenta and energy according to
t'=t, x,=x;+vt, p,=p;i+miv, H =H+v-Piya + const. (S.36)

A superfluid flowing at a uniform velocity v is related to the same superfluid at rest via a Galilean

boost. Consequently, the lab-frame Hamiltonian of the flowing superfluid is

X «\lab . o\ fluid 5 fuid
(H - ,UN) frame (H - MN) frame + v Pfrglme + const (S 37)
R ~ | fluid - '
= (Hyee +v-P) g+ Hie + const
where
N ~ ~ \ fluid 77
%;agéframe — (Hfree +v- P)frl:me = Z (wk +v- k) bLbk . (8.38)

k

(The quasiparticle momenta k in this formula are in the fluid’s rest frame.)

Eq. (S.38) applies to a flow of an ideal gas just as well as a flow of a superfluid, the only
difference being in the dispersion relations w(k). For the ideal gas, w = k?/2M, and therefore

for any non-zero velocity v, there are modes k for which

(k — Mv)?

ST TMv? < 0. (S.39)

wk+v-k =

For such modes, excitations created by the lA)Tk have negative energy, which means that any
perturbation of the flowing gas can create such negative-energy excitations and slow down the

flow.

For the superfluid however, wy > v.|k| for all modes, hence
wg+v-k > (v.—|v])|k|] > 0 (S.40)

for all the excitation modes, provided |v| < vg. Consequently, all excitations in the flowing
superfluid have positive lab-frame energies, so they don’t get spontaneously created and the flow

persists forever without dissipation, thus superfluidity.



