PHY-396 K. Solutions for problem set #7.

Problem 1(a):

YAV = +AY~* where the sign is ‘4’ for ¢ = v and ‘=’ otherwise. Hence for any product
I' of the v matrices, Y#I' = (—1)"I'y* where n, is the number of AVFI factors of I, For
I' = % = 70414243, ny, = 3 for any p = 0,1,2,3; thus D =~k

Problem 1(b):

First,
(7" = "y 23 = AT = +irdyP°
= +((PP))Y = (1P (5.1
= (1> (77%) = ()PP (3 (0P7)
=+’ =+
Second,
()2 = PO = @)Y = PP 82

= 7' = A = 00 = 4L

Problem 1(c):

Any four distinct 4%, 4, v, 4 are 4%, 41, 42, 42 in some order. They all anticommute with

each other, hence YinAykny = FMP 01123 = _jehMivab  The rest is obvious.
Problem 1(d):
S ('l
= 17 (7“7“7“7”] — Wyl Ry 01 7“7“7”7“)

- ;1<47[A7u7u] O N T I CYN 7 QV[WVM)

= FA+2+0-20yPyiyl = 4Pyiyrl



Problem 1(e):
Proof by inspection: In the Weyl basis, the 16 matrices are

| 1 0 o 0 1 g 0 4ot
0 1)’ 1 0/’ o0 )
0 _ 0 -1 ol _ 0 —o 5 1 0
+1 0 )’ ot 0 )’ 0 +1]/’

and their linear independence is self-evident. Since there are only 16 independent 4 x 4 matrices

altogether, any such matrix I' is a linear combination of the matrices (S.4). Q.£.D.

Algebraic Proof: Without making any assumption about the matrix form of the y* operators,
let us consider the Clifford algebra y#4* + v¥~4#* = 2¢g*”. Because of these anticommutation
relations, one may re-order any product of the 4’s as £49 .- 404l ..ql 42042430043 and
then further simplify it to £(7° or 1) x (4! or 1) x (72 or 1) x (73 or 1). The net result is (up
to a sign or i factor) one of the 16 operators 1, v#, iylHa¥l —iyAyiarl = 6)‘/“//)’}/5’79 (cf. (d)) or
iyl Ayl = grduw b (cf. (c)). Consequently, any operator I' algebraically constructed of the

~v*’s is a linear combination of these 16 operators.

Incidentally, the algebraic argument explains why the 4# (and hence all their products)
should be realized as 4 x 4 matrices since any lesser matrix size would not accommodate 16
independent products. That is, the v’s are 4 x 4 matrices in four spacetime dimensions; different
dimensions call for different matrix sizes. Specifically, in spacetimes of even dimensions d, there
are 2¢ independent products of the  operators, so we need matrices of size 24/2 % 9/2. 9 % 2 in

two dimensions, 4 x 4 in four, 8 x 8 in six, 16 x 16 in eight, 32 x 32 in ten, etc.,etc..

In odd dimensions, there are only 2%~ independent operators because v4+! = (4)y0t - - yd-1

— the analogue of the 4° operator in 4d — commutes rather than anticommutes with all the
~# and hence with the whole algebra. Consequently, one has two distinct representations of
the Clifford algebra — one with v%*! = 41 and one with v%*! = —1 — but in each repre-

2d71

sentation there are only independent operator products, which call for the matrix size of

2(d=1)/2  9(d=1)/2  For example, in three spacetime dimensions (two space, one time), can take

(7%, 71, 42) = (03,i01,i02) for v1 = 729192 = +1 or (4°,41,42) = (03,401, —ios) for 4 = —1,



but in both cases we have 2 x 2 matrices. Likewise, we have 4 x 4 matrices in five dimensions,

8 x 8in 7D, 16 x 16 in 9D, 32 x 32 in 11D, etc., etc.

Problem 2(a):

Despite anticommutativity of the fermionic fields, the Hermitian conjugation of an operator
product reverses the order of operators without any extra sign factors, thus (\IJ:&\I/ /B)T = —i-\IJE\I!a.
Consequently, for any 4 x 4 matrix I', (UTT0T = +UTTW, and hence (VTW)! = UTW where
T =794V is the Dirac conjugate of T.

Now consider the 16 matrices which appear in the bilinears (1). Obviously 1 = +1 and this
gives us ST = +5. We saw in class that 7% = ++#, and this gives us (V#)I = +V#. We also saw

that iyltyr] = —iylVyHl = 4iylea?l and this gives us (TH)T = +TH. As to the ~° matrix, it is
Hermitian (¢f. 1.(b)) and anticommutes with 79, hence 75 = 70(7%)f70 = 4404570 — 45 and
therefore i7® = +i7°, which gives us P! = +P. Finally, y9y# = 7y5 = —yH~ = 14544 which

gives us (A*)T = 4 A*. Thus, by inspection, all the bilinears (1) are Hermitian. ~ Q.£.D.

Problem 2(b):
Under a continuous Lorentz symmetry x — 2’ = Lx, the Dirac spinor field and its conjugate

transform according to

—/

U'(z') = M(L)W(z=L"'), V() =V(=L"12"YM (L), (S.5)

hence any bilinear WI'U transforms according to
T (2 \[U(2') = T(2)["T(x) (S.6)

where

"= MY (L)TM(L). (S.7)

Obviously, for I' = 1, I = M~'M = 1. According to homework set #5 (problem 3(d)), for
[ =q* T = M~ 1y*M = Lh~Y. Similarly, M~y M = (M~ M)(M 1Y M) = LHA" x



L%\~ and hence for T' = yliy"] T = Lf, LY, 4", Consequently,
S'(2") = S(x), V(") = LE VY (z), T (2') = LE LNT™Mz), (S.8)

which makes S a Lorentz scalar, V# a Lorentz vector and TH” a Lorentz tensor (with two

antisymmetric indices).

The ~v° matrix commutes with even products of the v# matrices such as v+, hence it
commutes with all S#” and therefore with M (L) = exp(—%@uyS“’/). Consequently, for I' = 4,
I" = M~ 195M = 75 while for T' = 59#, IV = MWy M = MM = >(LhAY) =
LY (v°~"). Therefore,

P'(2)) = P(x), Aty = LM AY(2), (S.9)
which makes P a Lorentz scalar and A a Lorentz vector. Q.£.D.

Problem 2(c):

Under the parity symmetry P, (x,t) = (—x, +t) and the Dirac field transforms according to
V' (z') = £4"0(a), U (z)) = £U(x)y° (S.10)

(cf. problem 2 of the previous set). Hence, parity properties of the Dirac bilinears (1) follow

from the commutation relations of the 16 matrices 1.(e) with the v matrix. It is easy to verify

that 1, 79, fy[i’yﬂ and v°y¢ commute with the 40 while 7%, 7%4¢, 454" and 4° anticommute with

the 0. Consequently,

e the S, VY T% and A’ remain invariant under parity, while
o the Vi, T AY and P change their signs.

In three-dimensional terms, this means that S and VO are true scalars, P and A® are pseu-
doscalars, V is a true or polar vector, A is a pseudovector or axial vector, and the tensor T
contains one true vector 7% and one axial vector %eijijk. In space-time terms, we call S
a (Lorentz) (true) scalar, P a (Lorentz) pseudoscalar, V# a (Lorentz) (true) vector and A* an
(Lorentz) axial vector. Pedantically speaking, T"" is a Lorentz true tensor while TR = %e")‘“”T "

is a Lorentz pseudotensor, but few people are that pedantic.



Problem 2(d):
In the Weyl convention for the Dirac matrices, the charge conjugation symmetry C acts on the

Dirac field according to ¥/(z) = £4?¥*(z). Consequently
Vi) = 30T (@) = V() = Vi@ = 507 (2)42°, (S.11)
and therefore for any Dirac bilinear,
TTV = —0T20T20* = 40T (120T2) 0 = 4049920 4020 = TIew.  (S.12)

The second equality of this formula follows by transposition of the Dirac “sandwich” U - .. U*,
which carries an extra minus sign because the fermionic fields ¥ and ¥* anticommute with each

other.

Problem 2(e):

By inspection, 1¢ = 49927942 = +1. The 75 matrix is symmetric and commutes with the 4%,

hence 7§ = +7v5. Among the four v, matrices, the 71 and ~3 are anti-symmetric and commute

with the 794% while the 7y and vo are symmetric but anti-commute with the 4%y2; hence, for

all four 7, 75, = =7 Finally, because of the transposition involved, (Y1) = YoV = Vs

hence (y¥#y)e = 44t = 4l Likewise, (v99#)° = (1)°(7%)° = =49 = +7P91.
Therefore, according to eq. (S.12), the scalar S, the pseudoscalar P and the axial vector A,

are C-even while the vector V), and the tensor 7}, are C—odd.

Problem 3(a):

Given the anticommutation relations (2), we have

ahagay = —alasay = —(0as — 508)a, = +asala, — 0,50, (S.13)
and therefore [&Iydﬁ, ag] = —0,, 505.
Likewise,
ahagal = al (0, —abay) = 65,0l — alala, = 05 4l + alala, (S.14)

and therefore [dL&B, dl;] = +55 dL.



Finally, by Leibniz rule

Problem 3(b):
According to eq. (S.15), the commutator [d&dﬁ, dea] has exactly the same form as its bosonic
counterpart. Hence, the proof of [A, E] =C proceeds exactly as in the bosonic case, cf. homework

set #3 (problem 2(b)).

Problem 3(c):
Using the Leibniz rules and egs. (S.13) and (S.14),

Problem 3(d):
Again, w have a fermionic analogue to the bosonic second-quantized operators we studied in
homework set #3 (problem 2(d)). Given egs. (4) and (S.16) (in which we exchange v < ), we

have

=" {ul A o) afafasa, + > (ul Ay |8) alalaga, (S.17)
7



and consequently, in light of eq. (8),

[A,B] = ) (a®pB|B:|y®34) {Z<M‘Al ) afabasa, + Y (ul Ay 1) alalasa,

a7ﬁ7716 M M

—Z (0] Av|v) alaba,a, — > (v Ay v) afalaga,

= Z (n® Bl A1 (124) By |y ® 6) &L&E%%

1,8,7,6
+ Z a @ p| A1 (22 By |y ® 6) QL&L%%
Q,f1,7,0
— 3 (a®B8|BAi2M) [y o v) alala,a,
a7ﬁ7fy71j
— Y (@ ® 8l BAi(1%) v @ 6) ahalaga,
a7ﬁ7y75

{(renaming indices))

=Y (awg [(Al(ﬂ) + Ay (22d)) 1%2} Iy ® 8) x a}alasa,
a,B,7,0

= Y (a® B Coly®0) x dlalasa, = C.

a7ﬁ7’776
0.¢£.D
Problem 4.(a):
The simplest form of the Dirac Lagrangian is
L = V(in"d, — m)Y, (S.18)

which involves spacetime derivatives of the ¥ field but not of the U. Consequently, by Noether

theorem

XU — gL = Tinhd'U — g"T(in Dy — m)T. (S.19)

As usual for fields of non-zero spin, the Noether stress-energy tensor is not symmetric and the



true stress-energy tensor is

T = TN 4 gy (S.20)

true

for some three-index tensor KM antisymmetric in its first two indices (cf. problem 1 of the
set 1). Fortunately, the correction (S.20) does not affect the net energy and momentum of the

Dirac fields, thus

Fout = / BTV () — / BxT(z)(—i7 -V + m)U(x) (S.21)
(cf. eq. (5)), and
Poey — / BT () = / B T(2)(—in V) (x). (S.22)

Hence, in terms of the quantum Dirac fields ¥(z) and ¥f(z), the net mechanical momentum

operator is

A

P — / Px U (—iv) D, (92)

At this point, let us expand the Dirac fields in terms of creation and annihilation operators.

In the Schrédinger picture egs. (5) become

. d3p e—pr .

W) = [ o0 G 3 (e g+ v(-psliLy, ).

) = [2P 6“’"2 (p,s)al i(—p, s")b o
(x) = o) 2B, 2 (u (p,s)ap7s, + v (—p,s’) _p,sl).

Substituting these formulee into eq. (9a) for the momentum operators gives
]-Smech :/ 2E o0 \2 Z( psr + UT(_pa Sl)b_p7sz> X <U(pa 3)&p,s + U( b,s )bT s)
dsp P ot -
:/<27T)3 °F <ap,sap7s - b—p7sb—p75>
p S

where the second equality follows from

(S.24)

ul (p, s u(p,s) = vi(—p,sv(-p,s) = 2Ep sy (S.25)



while
uT(p, Ho(—p,s) = UT(—p,s’)u(p, s) = 0. (S.26)

Finally, we re-write the bb part of the last line of eq. (S.24) as
@’p P po gt —P
/ (27)3 2B, & <b‘p’8b‘p’3> / 21)3 2B, (
—P .
_/ 21)3 QE ( stps + QEP(QW)?)(;(?))(O)) (S.27)

&

where the last equality follows from

/dgp <p X 5<3>(0)> ~ 0 (S.28)

by reasons of rotational symmetry. Consequently, substituting eq. (S.27) into eq. (S.24), we

+p,s +p8)

+p b} by )

arrive at
~ d3p P R R e o~
Pech :/WE <pa1T),sap,s + pbi),sbp,8>’ (9b)
S
QED.

Problem 4(b):

Electrons have charge ¢ = —e, hence the gauge-covariant derivative of the electron field is
D,V(z) = 0,¥(x) — ied,(x)V(x). (S.29)

Consequently, the gauge invariant Lagrangian for the electron field ¥ coupled to the EM field
Ay(z) is
L = Ly + @(z”y“Du — m)V¥

— _ (S.30)
= —1ELF" + U(iy"0, — m)¥ + e, x Uy*,
and hence the electric current
oL —
JH = ——— = —eUnHT, S.31
oA, ely (5.31)

Note that thus current is a true Lorentz vector and is odd under the charge conjugation symme-

try C (cf. problem 2 of this set).



To be precise, eq. (S.31) presumes “classical” fermionic fields which anticommute with each

other, thus the charge density J” can be written as

cither J° — U0 = —e¥TW = —62\112\1’0
«

0 . (5.32)
or J© = —|—eZ\Ifa\I’a.
«

Alas, in the quantum theory \i/&\i/ﬂ is not equal to —\ilﬂ\ilié, and this gives rise to the operator

ordering ambiguity in defining the quantum electric charge.

Fortunately, this ambiguity amounts to a constant. Indeed, the quantum Dirac fields @L(:c)
and ‘ila(x) are linear combinations of the fermionic creation and annihilation operators (cf.
eq. (5)), and the latter either anticommute with each other or have c-number anticommutators
(cf. egs. (6) and (7)). Therefore, the anticommutator {¥}(z), \ifﬁ(y)} is a c-number function of
(x — y). We shall calculate this function later in class, but for the moment all we need to know

it’s a c-number, and therefore

—e Z Ul (2)T,(z) = +e Z U, (z)¥! (r) + a c-number constant. (S.33)

Consequently, however we order the creation and annihilation operators in the quantized electric
charge operators, it will give us the same result up to a c-number constant (which may be
infinite). Hence, we may just as well take the simplest ordering and allow for an extra constant

term, thus

A

Q = —€/d3X Ul (2)¥(z) + a c-number constant. (10a)

Next, let us expand the fields ¥(z) and Wf(z) into creation and annihilation operators ac-

cording to egs. (S.23) and plug into the space integral (10a). Proceeding as in the previous

10



question, we have

A *p 1 7
3 — _ al
/d x T _/(%)3 GEL? ) (u*(p,s’)ap,sf + ol (—p, s’)b—w)x
s,s’

PPp 1 .
LS (at s i
/(27T)3 2Ep Xs:(ap,sa’p,s b—p,sb—p,s>
d’p 1 o N (S.34)
~ ] @n)32E (“va ps T bpsbps>
S
Pp 1 AR
= AN f 35(3
/(27T)3 2By 4 (aP:SaPﬁ = bpsbps + 2Ep(27) ot )(0)>
Pp 1 S
:/(27:))3 o ;(dg,sdp,s — bLpr7S> + infinite c-number constant,
and therefore
- d’p 1 o
¢ :/ (~eahuitps + cbhibys) + € (S.35)
(27T)3 2Ep Z pP,s7P,s pP,s”p,s

S
where C'is the sum of c-number constants from egs. (10.a) and (S.34).

To determine the value of C', note that the vacuum state of the theory is invariant under the
charge conjugation symmetry and therefore must have zero electric charge, Q |0) = 0. On the
other hand, the vacuum state |0) is annihilated by all the ap s and IA)p7 s operators and hence by the
terms on the right hand side of eq. (S.35) except for the constant C'. Consequently, Q [0) = C'[0)
and the electric charge of the vacuum is C'. And since this charge must vanish, we must have
C = 0 — i.e., somehow the constant terms in egs. (10a) and (S.34) must cancel each other —

and therefore
A cp 1 A
_ PN IS T
Q —\/(27)3%2<—6(1p78ap,5 + ebp,sbp,s>' (10b)
S
QED.

Problem 4(c):

In this question, we start with eq. (11) for the net spin operator as a space integral of a Dirac

11



bilinear, so our first step is to expand the fields into momentum modes (S.23) and plug the

expansion into eq. (11). This gives us

where

= 1
S

- (UT(p’ S>dL,s + UT(—p, S)E—p,s> S <U(p, Sl)dp,s’ + U<_p7 S/)i)ip,s/> :

P 2E,

s,s’

Next, we need to evaluate the Dirac “sandwiches” ufSu, viSv, etc., where

S 10 0
~\o io)
3

For the non-relativistic modes (|p| < m) we approximate

u(p,s) ~ u(0,s) = \/ﬁ<58>, v(—p,s) = v(0,s) = \/ﬁ<ns>,

£s

which gives us

ul(p, s)Su(p, ') = melog,,
vI(=p, 5)Sv(—p,s") ~ mulon,,
ul(p,5)Sv(—p,s) = O(lp|) ~ 0,
vi(=p, s)Su(p,s') = O(lp|) ~ 0,

and consequently

S g A ~ (o) ~
Sp ~ 2(525551 X aL7sap’s/ + 7]257]8/ X b_p,

s,s’

)+ Olpl/m).

(S.36)

(S.37)

(S.38)

(S.39)

(S.40)

(S.41)

At this point, let us separate the afa terms from the bb terms in the momentum integral (S.36),

and then in the bb! part change the sign of the integration variable p. Putting the two parts

12



back together now gives us

. d3 1 .
S et :/ P __ g, (12)

where for the non-relativistic momenta

~ o o o ~
S~ Y (656 X by + nigne x byl ) + O(lpl/m). (3.42)

s,s’

To re-write this formula in the form of eq. (13), we note that the two-component spinors &g

and 7, have opposite spins. Specifically, n, = £_, = 02&} and therefore

log o, o \' log
e = oacoass = & (aa50) & = —€lTe (.43)
2 2 2 2
At the same time,
bpobhy = =Bl by, + 2Ep(2m)%0(0) x b, . (S.44)

Consequently, we may re-write the bb' part of eq. (S.42) as

o . n
Zﬁl??s/ Xbps bp,s’ = +Z€s’ éstLs/ ps 2F (27T 36 ng (S'4B>

s,s’ s,s’

where the second term on the right hand side vanishes because

(o4 o
Z§l§§S =tr— = 0. (S.46)
S
Hence, interchanging the summation spin indices s and s’, we have
o A ~
Z?’]lgns/ X bp78 bp,s’ - +Z§s 9 S’ X bT ’pr s (847)
s,s’ s,s’
and plugging this formula into eq. (S.45) finally gives us
~ g R R
Sp ~ D l560 x (ahsapy + Bhuby) + Olpl/m) (13)

s,s’
for the non-relativistic modes p. Q.£.D.
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