PHY-396 K. Solutions for problem set #11.

Problem 1:
At the tree level, the decay S — f + f follows from a single Feynman diagram

f(p1731) .f(p2752)

hence M = u(pi,s1)(—ig)v(p2, s2). (S.1)

S(k)

Note that this amplitude refers to specific spin states of the final fermion and antifermion. For
the purpose of calculating the net (i.e., un-polarized) decay rate, we need to sum the | M|? over

the final state spins. Thus

D TIMP = 2> alpr, s1)v(pa, s2) X 0(pa, s2)u(pa, s1)

S1,52 51,52
= ¢’tr ((Z u(p1, s1)u(p1, 81)) (Z v(p2,82)v(p2782))>
) B " (S.2)
= g tr((ﬁl —I—mf) @2 - mf)>
= ¢ (tr(]él P2) — m?c tr(l)) = g2<4p1p2 — 4m%)
= ¢ (2(])1 +pp=k)? — 8m?c> = 292(]\452 — 4m30)
Finally, for the two-body decay, the phase-space factor evaluates to
d’p1 d’py 4 p1]|
27H 54 — k) = i
2 M, /27r32E1/27r)32E2( T 2= k) = g (5:3)
where
pil = Ipo = \/(3M)2 — m3. (S.4)



Putting all these factors together, we arrive at

pull am? ) "
IS —f+f) = 8;ﬂx§:mﬂ (1_ﬁﬁj . (S.5)

Problem 2:
As discussed in class, scattering of fermions in the Yukawa theory proceeds by exchange of
virtual scalar quanta between the fermions. For the problem at hand, the two fermions are

distinct rather than identical, hence only one tree-level Feynman diagram contributes to the

scattering:
f1(p1,51) f5(p2, s2)
4T q=p1—p)=Dph—Dp2, (S.6)
fi(p1,s1) f2(p2, s2)
and therefore
Misee(fi fo = fro4 fo) = =50 < aleh, s ulpr,s1) % a(, shu(pa,s2)- (8.7
S

For specific spin states of all particles, the partial cross section of elastic scattering is given by

do  |MJ?
dQcm, — G4AT2EZ,

(S.8)

but for un-polarized beams and spin-blind detectors we should sum this formula over the final

particles’ spins and average over spins of the initial particles, thus

d |
m;:wm QZZZZM (S.9)
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The spin sums on the second line here are similar to the spin sum in eq. (S.2):

Z\ﬂ(pﬁ,sﬁ)u(pl,ﬁ)ﬁ = tr (Zu(p1,81 u(p1, s1 )(ZU P, 51)a p1,81))

51,84 S1

= tr((]él—l—ml) (p’l—}-ml)) (SlO)
= dpiph + 4mi = 8mi — 2(p1 —p))’
= 8m} — 2¢°

and likewise

Z \ﬂ(p’z,S’z)U(pa,SQ)f = 8m3 — 2¢°,

52,85
therefore
do _ _gigs  (4mi—*)(dm3 —¢*) o
d€de.m. 647"2E§.m. (q2 - Ms2)2

Finally, we should integrate over the scattered particles’ directions and calculate the total

cross-section. In the center-of-mass frame, ¢° = 0, q> = (p1 — p})? = 2p3(1 — cosf), hence

2
dQ = 2md(—cost) = —dq>. (S.12)
2p?
Consequently, substituting ¢> = —q2 in eq. (S.11) and integrating over dq?, we arrive at
2 2 »’ 2 2 2 2
o 019 2 /d o (4m7 + q”)(4m3 + q) (S.13)
T 64n?EZ,, C 2p? (M2 + q?)? '
0
_ 9i% | (4m? — M2)(4m3 — M2)  2m? +2m3 — M21 M2 + 4p?
167 E2 1, M3 (M3 + 4p?) 2p? M3
where
2 2\2
p? = 1EZ, — imi+md) + AL (514
4EC.II1.

is the solution of the kinematical relation

Eewm, = 1 + Ey = \/m%+P2 + m%“‘pQ



Problem 3(a):
We begin with the muon decay amplitude

Gp

M~ = emvare) = =5 [0 =) ()] x [a(e) A =P )rav@)] )

Its complex conjugate can be written as

M= |5 (19l x [P 51+ 27ue )], (8.15)

where (1 — %) factors become (1 + 7°) because 7° = 7°(7°)170 = —~4°. Consequently,

IMP = 16} [a() (1 =220 (e )ale )y (1 + 77 )ulw) (3.16)

x [w(e™)(1 =" )vav(Ze)v(Pe)yp(1 +7°)ule)]
and hence

P IMP = 36 (=P W+ M)y (197 e + )

(S.17)
x tr((1 =) valo — mo)y(1+7°) (e + mc) ).

Please note that here and henceforth the indices p, e v = v, and ¥ = 7, denote the particles
to which respective momenta belong and have nothing to do with the Lorentz indices of those
momenta. For the Lorentz indices, I use here o, 3 and later also v, 9, o and p. Thus, p,q is

the a’s component of the muon’s 4-momentum, etc., etc.

Having derived eq. (S.17), we now need to evaluate the traces. For the first trace, we

eliminate terms containing odd numbers of v” matrices and write

tr ((1 - 75)704(]% + Mu)’Yﬂ(l + ’75)(]9/1/ + my)> =
=t ((1 = B (1) zéy) + tr ((1 — MR (1 + 75)%)

= (1= B (1 =77) + My 1 (1= 473%5(1 +47))



= tr ((1 — )2y ﬁu’Yﬁ ]51/) + Myme tr <(1 +9°)(1 - 75)7@7[3)
= 2tr ((1 — V) B m) + 0
— 2t (’yo‘ b® ﬂ,,) — 2tr <v5’yo‘ ¥’ zéu)

8 [png + pﬁp‘i - gaﬁ(pu 'py)} + 82’60‘76519#719”5. (S.18)

Similarly, the second trace evaluates to

tr (1= 7" )a e + me)ys(1 +7°) Wy — mz) = (S.19)

= 8[(Peabvp + PepPra — Jap(Pe Do) + Bi€apsorap? -

It remains to substitute the trace formulee (S.18) and (S.19) back into eq. (S.17) and contract

the Lorentz indices. Thus,

3Y _IMP? = 16G% ([pﬁpf + oip — 9" (o, -py)} + ieaw‘spwma)

all
spins

X ([peapﬂﬁ + DepPia — gaﬁ(pe 'pﬁ)} + ieapﬁapgpg>
{(using symmetry /antisymmetry of factors under a < (3))
= 16G% ([pﬁpf + ool — 9™ (py - pu)] X [peapﬁﬁ + PepPoa — Gap(Pe - Po)

- Eavﬁép,u'ypl/d X Gapﬁapgp(ej)

— 16GF <[2(pu “Pe)(Pv - Pi) + 2(pp - Po) (v - Pe)
- Q(pu 'pV)(pe 'py) - 2(2% ‘pu)(pe 'pD) + 4(Pu ‘pu)(pe ‘PD)

b 20 p)os 2 — 200020

= 64G% (py - po) (v - De) -
(S.20)

Q.ED.



Problem 3(b):
As explained in the Peskin & Schroeder textbook, the partial rate of a decay process (in the

rest frame of the initial particle) is given by

1
_ 2
dl' = o X |[M|? x dP (S.21)

where M is the decay’s amplitude, |M|2 is |[M|? averaged over the unknown initial spins and
summed over the unmeasured final spins, and dP is the infinitesimal phase space factor for the

final particles. For three final particles,

d>p d3po d3ps3

(27)3(2E1) (27)3(2E») (27)3(2E3) x (27)20®) (p1 +pa+p3) X (21)0(E1 + Ea+ E3 — Mp)

(S.22)
where the energy-momentum conservation law apply in the rest frame, thus p; + p2 + p3 =

Piot = 0 and By + Eo + E3 = Eyoy = M.

dp =

We start by using the momentum-conservation —function to eliminate eliminate the p3 as

independent variable, thus

d3p1 d®py §(Ey + By + B3 — Fio)

AP = : (S5.23)
5
256m E1Er By ps=—(p1+p2)
Next, we use spherical coordinates for the two remaining momenta,
d’pr = pldpd®Q,  d’py = p3dpad®Qa, (S-24)

and then replace the d?Qy describing the direction of the second particle’s momentum relative

to the fixed external frame with
dQle) = d912 sin 912 d(bgl)
describing the same direction of po relative to the frame centered on the p;. Consequently,

20, d2Qy = a2y 20l = [dml dqsg”} 1o sin by = d*Q x d(cosfr2) (S.25)



and hence

d>Q Pip}

dP = X
2567T5 E1E2E3

dp1 dp2 d(cos012) 0(E1 + Eo + E3 — Eiot)
Next, we use the cosine theorem

p% = (pl +p2)2 = p% + p% + 2p1p2 cos 019

which gives

p3 dp3
p1p2

d(cosbi2) =

(for fixed p1,p2) and therefore

d3Q . P1paps

AP =
P 2567‘(’5 E1E2E3

Finally, we notice that for a relativistic particle of any mass pdp = EdFE, hence

430
P = oo X By dBy B3 0(Er + By + By — Eor),

and therefore eq. (S.21) for the partial decay rate.

p3=—(p1+p2)

X dp1 dpo dps X (S(El + Eo9 + E5 — Etot)-

(S.26)

(S.27)

(S.28)

It remains to determine the limits of kinematically allowed ways to distribute the net energy

Eiot = My of the process among the three final particles. Such limits follow from the triangle

inequalities for the three momenta,

p1 < p2 + p3, p2 < p1 + p3, p3 < p1 + p1,

(S.29)

which look simple but produce rather complicated inequalities for the energies F; = 4/ p? + m%,

FEy, = \/p% + m%, and B3 = \/pg +m3. However, when all three final particles are massless,

the kinematic restrictions become simply
E, <Ey + E3 = My — E;
and ditto for the other two inequalities, or equivalently

0 < E1,Ey, B35 < %M(), while FEi; + Es + E3 = M.

(S.30)



Problem 3(c):
In light of egs. (3) and (S.21), the partial decay rate of the muon at rest is given by

G2

S, (pp-p5) (Pe pv) X dEe dE, dBy d*Q §(Ee+ Ey+ Ey — M,,). (S.31)

dl'(p~ — e vule) =
Specializing to the muon’s frame, we have
(Pu-po) = M,E;p (S.32)

while
(pe ’pe) = FE.E, — pepycosley
= FE.E, + %pz + %pzz/ - %pﬂ

((neglecting me, my, my))

2 2 2 (S.33)
= E.E, + iF? + 1p2 - 1E2
= H(E.+E,)?* — 3EZ (using E. + E, = M, — Ep))
= 3Mu (M, - 2Ey),
Hence,
L G2, ;
d0(p™ = e vle) = 165 MuEy(My,—2Ey) x dE dE, dBy d*Q§(Ee+ By + Ey—My). (S34)
™

At this point we are ready to integrate over the final-state variables. In light of [ d3Q) = 82

and the kinematic limits (5), we immediately obtain

T(u~ — e vuie) = %g ///dE dEy dE, Ey(M, — 2E3)0(E + E, + Ey — M),)
_ GpM, /dE 7dEE —2E,) S.35
- o (5.35)
lMu
G4 M,

= dE. B2 (M, — 2E,).

|
=
o\“

In other words, the partial muon decay rate with respect to the final electron’s energy is given



ddge = GE%" x BX(3M, — AE,) (S.36)
or rather
ar { Sk M,E2(3M,, — 4E,) for E, < 1M, .
dE. 0 for Ee > 1M, '
Graphically,

N|—
*;V

Note how this curve smoothly reaches its maximum at £, = %M . and then abruptly falls down

to zero.

It remains to calculate the total decay rate of the muon by integrating the partial rate

(S.37) over the electron’s energy. The result is

2 5
GFMM
19273

Ciot (0 — evr) = (S.38)



