PHY-396 L. Solutions for homework set #22.

Problem 2(a):

First a little lemma: For a unitary U(x),

8M(U(:1:)<I>(;E)UT (:1:)) = (QU)oUt + U0,0)UT + U(I)((‘)MUT = Ut (6MU)UT)>

= U0,®)U" + [(6,U)U", UDUT]
(S.1)

And now let’s combine gauge transformation laws (2) and
A (z) = U@)Au(@)UT(2) + i(0,U(2)UT(2), (S-2)

and apply them to the derivative (3):
D, (x) = 0,9 (z) + i[A(x), D' (z)]
= 9,(UeU") + i[UA U USUT] — [(8,U)UT,UDUT)
= U(0,®)U" + [(0,U0)UT,UDUT] + U[A,, ®UT — [(0,0)UT,USUT] (S.3)
= U(9,® + i[A,, @])U"
= U(2)(D,®(2)) U (2).

In other words, the covariant derivative defined by eq. (3) is indeed covariant.  Q.€.D.
Problem 2(b):
D,D,® = Du(0,® + i[A,,®]) = 9,(0,P + i[A), ®]) + i[Ay, (O, + i[Ay, P])]

= 0,0, + i[(0,4,), D] + i[A,,0,8] + i[A,,0,8] — [A,, [A,, D]].
(S.4)

Similarly,
D,D,® = 0,0, + i[(0,A,),P] + i[A,,0,P] + i[A,,0,P] — [A),[AL, ®]].  (S.5)

Three out of five terms on the right hand sides of these formulae are identical and hence cancel



out of the difference D, D, ® — D, D, ®. The remaining terms comprise the commutator
[Dy, Du]® = i[(04AL), @] — i[(0yAn), ] — [Ap, [Av, @] + [Ay, [Ay, ]

= i[(OuAy — 0y AL), P] — [[Ay, A], @] (5.6)
i[Fu, .

Problem 2(c):

First, let us evaluate
DyFu = 0\(0u4y — A, + i[Au, A))) + i[AN, (0440 — A, + i[Au, A)])]
= (000040 = 033uAL) + i([44 02A) — [As,004,]) 7)
+i([An A)) — [AnDuA]) = [An (A Al

For each group of terms here, summing over cyclic permutation of the Lorentz indices A\ —

i — v — X produces a zero:

(O\Ou A, — O\OVAL) + (040, AN — 0,00AY) + (0L0xA, — 0,0, AN) = 0,
([AM,&\A,,] — [A,,,&\AM]) + ([Al,,auA/\] — [A/\,GMAV]) ([AA,(? Ayl = [Au, 0u A ) = 0,
([A)\,GMAV] — [A)\,&,A#]) + ([AM,&,A)\] — [Au,ﬁ,\Ay]) + ([A,,,(())\A [A,,0 A)\) = 0,
[A)\,[AM,A,/]] + [AM,[AV,A,\H + [ u,[A)\, H = 0,
(S.8)

and consequently
D)\Fm, + DMFV)\ + DZ,F)\N = 0. (9)

Problem 2(d):
§(Fuw = 0uAy — 0,A, + i[ALAY]) = 0udA, — 0,04, + i[04, A)) + i[A,, 0A)]
= D, 0A, — D,0A,

(S.9)

Problem 2(e): Classical equations of motion for the fermionic fields are easy: The La-

grangian (4) contains spacetime derivatives of the W(z) field but not of its conjugate ¥(z),



hence

Z—é = ("D, —m)¥(z) = 0. (S.10)

By conjugation,

U(—iv* D, —m) = —id, Uy — Uy#A4, — m¥ = 0. (S.11)

For the bosonic field A, (z) =), AZ(x))‘Ta we have the Euler-Lagrange equation

oL oL
Oy = 0, (5.12)
0AG 9(9,Aa)

but the exact evaluation of the derivatives here is painful, and it’s easier to directly evaluate

the Lagrangian variation §£. In light of the previous question (d), we have

str(FE,) = 2t(F™0F,,) = 2t(F™(D6A, - D,6A,))
= 4t (P DA ) = 40,tr(F™6A,) — 4tr(04, x D™ (5.13)

= total derivative — 225145 X (D, FH)e
a

where the last equality follows from

" @ w b )\b A )\b 5ab
(5141, = Z(;AM ? s DN‘D = Z(DNF ) ? s and tr ? 3 = 7 . (S].4>
a b

Now consider the fermionic Lagrangian which depends on the gauge fields according to
a
V(iytD, —m)¥ = W [ iyld, — vy A — — v, S.15
(i9" Dy — m) (wu ’Vza:uz m) (S.15)

Consequently

8 (T(ir" Dy —m)¥) = = 54, x %V%w, (S.16)



and hence

oL = ZdAy X (gQ(DuFW)a - @’y”%ﬁ) + a total derivative, (S.17)
or equivalently
05 =Y A /d4a: 0A, () x (gZQ(DMF‘LW(:L'))a - E(xw%qf(x)). (S.18)

Therefore, the classical gauge fields AZ(m) satisfy the Yang—Mills equations

_ \@
(DpF* ()" = 92‘11(%)7”7‘1’(90) (5.19)
Note that eqs. (S.19) apply to the vector fields normalized by the local symmetry trans-

formations. The canonically normalized vector fields

1 1
AL = AL ad Fy = CFL = 0uAL - O,A7 - gf " ALAL (S.20)
satisfy
bc A b NI A
(DL F™)E = OuFy, — gf ™ AR = gJ¥ = gU(a)y" - U(2). (S.21)

Addendum to problem 2: This was not assigned, but perhaps should have been.

Note that the Yang—Mills equations (S.19) or (S.21) require the fermionic current

Jy(x) = @(x)fy,,glll(x) (5.22)
to be covariantly conserved:
D,J" =0, ie., 8,J% — gficabjre = . (S.23)
Indeed,
DyJ" o« D,(DyF"™) = —[D,, D)JF" = —1[F,, F"] = 0. (S.24)
where the first equality follows from F* = —F"H the second from question (b), and the

third from the fact that F'*¥ commutes with itself.



As usual, current-conservation equations like (S.23) can be derived from the fermionic

field equations (S.10) and (S.11):

. 2@ _\¢
a,,JaV = (8V‘I/’yy)?\lf -+ \I/?(’}/Vay‘l/)
b a a b
= iV m+”y”A§)\— « Xy + U x —i m+'y”Ag)\— 1\
2/ 2 2 2 (S.25)
b ya c
= iAb x Ty {% %} U = iAb x m"z'fbfw%\p
— +fabCAZJCV = gfabcAZJCV
and therefore
DVJal/ _ aVJaV . gfabcAchy - 0. (826)

Note however that a covariantly conserved local current does not lead to a conserved global
charge. Indeed, unlike QED the non-abelian gauge theories do not have conserved charges,

and this leads to all kinds of complications.



